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Abstract. Approximation of costly objective functions by surrogate
models is an increasingly popular method in many engineering optimization tasks. Surrogate models can substantially decrease the number of
expensive experiments or simulations needed to achieve an optimal or
near-optimal solution. In this paper, a novel surrogate model is presented. Compared to the most of the surrogate models reported in the
literature, it has an advantage of explicitly dealing with mixed continuous and discrete variables. The model use radial basis function networks
for continuous and clustering and a generalized linear model for the discrete covariates. The applicability of the model is shown on a benchmark
problem, and the model’s regression performance is further measured on
a dataset from a real-world application.
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1

Introduction

Different kinds of optimization tasks are encountered in many of todays engineering or industrial applications. Frequently, they are characterized by a high
number of both continuous and discrete variables [1,2]. Such tasks are called
mixed-variables optimization problems, often abbreviated as MVOP, and they are
similar to mixed-variable non-linear programming (MINLP) tasks. These tasks
are common especially in situations where the value of the objective function is
obtained through some measurement, experiment or simulation.
A popular approach to tasks with costly objective functions is substituting
an approximating model for the empirical objective function. This approach,

called surrogate modelling [3,4], is widely used in connection with evolutionary
algorithms (EAs), in spite of having been originally introduced in the area of
smooth optimization.
Assessing some of the individuals with not necessary accurate, but much
faster model brings an important benefit: a notably larger population can be
evolved in parallel. Even though the original fitness function can be evaluated
only on a limited number of individuals, the EA can explore a larger part of the
input space.
This paper describes a particular surrogate model based on radial basis function (RBF) networks. As far as we know, the existing publications about surrogate modelling in evolutionary optimization deal with only continuous domains
or combination with integer variables [5]. Outside the evolutionary area, the work
of Holmström [6] is known, for example. Interesting applications can be found in
some articles [7,8,9], or SO-MI algorithm has appeared recently [10]. However,
we are aware of no surrogate models for MVOP in evolutionary context. And
even outside that context, such models are rather few.
In our model, multiple RBF networks are first trained on the continuous
part of the data – in this phase, discrete variables are used to focus training of
the networks on the most appropriate data. Next, a generalized linear model is
trained taking discrete variables as the independent and residuals of the RBF
networks as the dependent variables for training.
The paper is organized as follows: in the next section, we recall the optimization task and GLM principles. Section 3 describes our approach to constructing
a surrogate model and using it in optimization. Finally, Section 4 provides the
results of testing on a benchmark function and real-world data.

2

Optimization Task and Involved Methods

For any given objective function f : S → IR, we consider the mixed-variable
optimization problem as finding x∗ such that
f (x? ) = max f (x).
x∈S

(C)

(C)

(D)

(1)

(D)

where x? = (x1 , . . . , xn , x1 , . . . , xd ) ∈ S. The problem includes n continuous and d discrete variables; their values belong to corresponding subspaces
S(C) and S(D) . This holds for maximization problem, minimization can be defined
(D)
analogously. In addition, we suppose that the value sets Vs (Xi ), i = 1, . . . , d
of the discrete variables are finite and we do not differentiate between ordinal
or nominal categorical variables – we do not require any ordering on any of the
(D)
Vs (Xi ).
2.1

Involved Methods

Evolutionary optimization, RBF networks and surrogate modelling were recalled
already in the preceding paper [11]. For a more detailed treatment of them,

the reader is referred to specialized monographs, in particular to the recent
monograph [12] for global genetic optimization, [13] and [14] for the traditional
linear and polynomial response-surface models, which inspired the modern nonlinear surrogate models such as Gaussian processes and artificial neural networks [3,15,16].
Generalized Linear Models. The new surrogate model presented in section 3
relies in addition on generalized linear models (GLM). A GLM is a natural generalization of a linear regression model [17]. It consists of three parts: (1) the
random component – observed values Y following a distribution from an exponential family with mean E(Y) = µ and constant variance σ 2 , (2) the systematic
component which relates values of explanatory (input) variables (x1 , x2 , . . . , xd )
through a linear model with parameters β1 , . . . , βd to a linear predictor η
η=

d
X

x j βj ,

(2)

j=0

and (3) a link function g that connects the random and systematic components
together: η = g(µ).

3

Proposed Surrogate Model for MVOP Evolutionary
Optimization

In the preceding paper [11], we described a surrogate-assisted genetic algorithm
(GA), in which the proposed surrogate model obtained in the following steps:
1. the training data is clustered according to S(D) ,
2. for each cluster, separate RBF network is trained on S(C) .
Let us call this model RBF/discrete clustering, or shortly DSCL.
The DSCL model does not use any relationships of the discrete input variables
to the response variable. That motivated further surrogate models for MVOP,
which already use such relationships. A new version of a model combining RBF
networks and GLM, called a RESID model, is introduced in the following text.
3.1

Model Construction

Construction of the RESID model starts with building previously described
DSCL model fˆDSCL : S → IR which is composed of several RBF networks
fitted on the continuous input variables on respective clusters from clustering
made using the discrete variables. If different combinations of values of the discrete variables are possible, then different RBF networks on S(C) need to be
constructed to reflect the differences in those combinations. In fact, in the rare
situation that there are enough training data to construct separate networks
for all combinations of values of discrete variables, DSCL constructs all those
separate networks.

In the next step, residuals of this DSCL submodel are computed for all N
available training data
(C)
(D)
δi = yi − fˆDSCL (xi , xi ),

i = 1, . . . , N.

(3)

Further, a GLM is fitted taking discrete variables as independent and these δi ’s
as a dependent variable. The final value of the RESID model then sums the
resulting values of DSCL and GLM models.
A pseudo-code of our algorithm for the RESID model fitting is given in Fig. 1.
Important parts of the algorithm are briefly explained below.
3.2

Fitting the RESID Model

RBF networks enable us to use only continuous variables for their fitting. Construction of the DSCL submodel starts with clustering of the available training
data according to their discrete values into several clusters in order to focus the
RBF networks training on the most similar data points. Subsequently, separate
networks are fitted with the data of each such a cluster using the data points’
continuous variables.
Further, relation between values of the discrete input variables and the response variable is utilized via GLM which form an important part of our new
RESID surrogate model.
Parameters of the DSCL Model. The sizes of the clusters Cj , j = 1, . . . , m
have to fulfill
(gmin )
|Cj | ≥ smin
(4)
(g)

where smin is the minimal number of data needed for fitting an RBF network
with g components, and gmin is the required minimal number of components of
each of the fitted networks (implicitly, gmin = 1, but the user can increase this
(gmin )
value). The value smin
depends on the employed radial basis functions, and on
the way of estimating the fitting errors e(j, g) of RBF networks In particular, for
Gaussian networks with d-dimensional continuous inputs and e(j, g) estimated
using k-fold cross-validation:

k

if uncorrelated cont. variables with identical variance,
g k−1 (d + 2)
(g)
k
smin = g k−1 (2d + 1) if uncorrelated cont. variables with diagonal variance,

 k d(d+3)+1
else.
g k−1
2
(5)
k
is left
If e(j, g) are estimated without cross-validation, the coefficient k−1
out. One separate RBF network rbf j is trained on the data of each cluster
Cj , j = 1, . . . , m. The maximal number of components of each network is upperbounded by
k−1
(gmin )
gjmax = b(
|Cj |)/smin
c.
(6)
k

GLM Model. Generalized linear model is used in its continuous-response form.
In the constructed GLM, the response’s distribution is assumed to belong to
an exponential family: either normal, gamma or inverse Gaussian distribution
is supported. The most proper distribution is chosen through cross-validation.
Further, the corresponding link function for each of the three distributions is
used.

FitTheModel(s(1)min , D, e)
Arguments: s(1)min – min. size of clusters,
D – training data, e – type of error estimate:
MSE, AIC, or BIC
Steps of the procedure:
(1) {Cj }m
j=1 ← cluster D into clusters of size
at least s(1)min according to discrete variables
(2) for each cluster Cj , j = 1, . . . , m
(3)
rbf j ← parameters of the RBF network with gj? components fitted with data from Cj , and with error ej
(4)
ej ← e[j, gj? ]
(D)
(C)
(5) δi ← (yi − fˆDSCL (xi , xi ; rbf )) for i = 1, . . . , N
(10) glm ← fit the GLM on (δi )N
i=1
choose the best link function g and coding
of variables via cross-validation
Output: {(rbf j , ej )m
j=1 , glm}
Fig. 1. Pseudo-code of the fitting procedure

Before using or fitting the GLM, the discrete values must be converted to a
proper representation. Since we do not assume any ordering of the discrete values,
our default choice is dummy coding [17] which establishes one binary indicating
(D)
variable Iij ∈ {0, 1} for each nominal value from the value sets Vs (Xi ), i =
(D)
1, . . . , d, j = 1, . . . , |Vs (Xi )| of the original discrete variables.
Needless to say, the number of GLM parameters for GLM fitting can grow
rapidly which restricts the applicability of the dummy coding, moreover default
integer representation with ordering taken from the original integer values can be
beneficial to the regression quality. Therefore, as an alternative representation,
integer coding can be used in situation when there are not enough data for
dummy coding. As default, coding resulting in a higher regression quality in
terms of cross-validation error is used.
3.3

Evaluation with the Surrogate Model

Once the surrogate model is built, it can be used for evaluating individuals resulting from the evolution. The parameters of the model can be summarized

as {(rbf j , ej )m
j=1 , glm}. Here, rbf j are RBF/DSCL network parameters, ej are
errors obtained from cross-validation, and glm = (β0 , . . . , βr ; coding, g) are parameters of the GLM.
Given a new individual (x(C) , x(D) ), evaluation with the surrogate model
starts with finding the index c of the cluster with the data closest to the individual’s discrete values
1 X
dDISCR (x(D) , y).
(7)
c = arg min
j=1,...,m |Nj |
y∈Nj

Here, dDISCR denotes Hamming (used in testing) or Jaccard metric. Then, the
RBF network with parameters rbf c corresponding to this cluster c is used as a
surrogate model of the original fitness by computing its return value on continuous dimensions yDSCL = fˆDSCL (x(C) ; rbf c ). If more than one cluster is at the
same distance from the individual, the RBF network with the lowest error e is
chosen.
The resulting value is obtained by summing with the GLM response on the
discrete variables


d
X
ŷ = yDSCL + g −1 
xj(D) βj 
(8)
j=0

where g −1 is an inverse of the link function chosen during GLM fitting.

4

Implementation and Results of Testing

Our algorithms were implemented in the MATLAB environment. We utilized
the Global Optimization Toolbox whose modified genetic algorithm was used as
a platform for testing the model on a benchmark optimization task. Similarly,
clustering method extends the standard bottom-up hierarchical cluster analysis
from the Statistical Toolbox in order to guarantee clusters of a minimum specified
size. Statistical Toolbox provide us with GLM fitting procedure, too, and we
employ a nonlinear curve-fitting from the Optimization Toolbox for fitting RBF
networks.
4.1

Model Fitting

Our models have been tested on two different kinds of data. The first, realworld dataset is the same as in our preceding articles [11,18], and comes from
optimization in the domain of chemical catalysis. In the latter article [18], more
information about this specific real-world application is provided as well as one
particular boosted surrogate model based on multilayer perceptrons. The second
dataset is a set of individuals resulted from one GA optimization run of the
modified Schwefel’s benchmark function [19].
The first dataset comes from a real application in chemical engineering –
optimization of chemical catalysts for Hydrocyanic acid (HCN) synthesis [20].

Solutions of this task are composed of two discrete and 11 continuous variables,
the whole dataset has 696 items. The dataset was randomly split into training
(556) and testing (140) part.
As the second dataset, individuals from the first 10 generations of a run
of GA optimization of modified
Schwefel’s
p function were taken. The original
Pp
Schwefel’s function y = p1 i=1 −xi sin( |x|) was modified in order to be defined
(C)

(C)

(D)

(D)

on both continuous (x1 , . . . , xp ) ∈ [−512,512]p and discrete (x1 , . . . , xp ) ∈
{−10, −9, . . . , 10} variables in the following form
q
q
p
p
10 X
1X
(C)
(C)
(D)
(C)
−xi sin( |xi |) +
sin( |π(xi ). ∗ xi |)
y =
p i=1
p i=1
(9)
p
20 X
(D) 2
π(xi )
+
p i=1
where π : {−10, . . . , 10} → {−10, . . . , 10} is a random permutation. For simplicity, we have chosen only two continuous and two discrete variables (p = 2); the
training set has 681 and testing set 101 data.
Our models (RESID and former DSCL) were compared with the RBF network from SUMO toolbox [15] using approximately the same computational
time. Each of the three models (DSCL, RESID and SUMO) were 50 times trained
on the training sets of the two tasks.
Results in Table 1 show that the new RESID model achieves about 10% lower
root-mean-square error (RMSE) than the former DSCL model; the improvement
is statistically significant (one-sided Mann–Whitney U test, pHCN = 2.28 · 10−12 ,
pSchwefel = 1.11 · 10−10 ). The testing errors of both our models are considerably
lower than errors of RBF networks from SUMO toolbox. Moreover, in the case
of the HCN real-world dataset, the improvement of RESID model is even more
than 25% compared to the results in [11]. Even though SUMO toolbox’s training
error is low, very large testing error shows poor generalization capabilities; see
also Fig. 4.1.
Table 1. Surrogate-models’ regression results on HCN and Schwefel dataset, average
results from 50 trainings. RMSE on the testing and training set is supplemented by
average medians of residuals on the testing set
dataset
HCN

Schwefel

model
DSCL
RESID
SUMO
DSCL
RESID
SUMO

RMSE
(test set)
8.2918 ± 0.4373
7.6212 ± 0.3187
115.196 ± 34.1387
62.712 ± 3.4248
55.605 ± 5.4867
64576 ± 1.9e+05

RMSE
(train set)
7.6337
6.6131
0.5711
83.553
73.468
33.964

medians of
residuals
4.9433
4.0678
35.0051
4.955
5.411
44048

HCN: DSCL model
80
60
40
20
0

80
60
40
20
0

0
50
Schwefel: DSCL model
500
0
-500
-500

HCN: RESID model

100
0

0
50
Schwefel: RESID model
500
0

0

500

-500
-500

HCN: SUMO model
200

0 100 200
Schwefel: SUMO model
2000
0

0

500

-2000
-2000

0

2000

Fig. 2. Scatter plots of the DSCL, RESID and SUMO’s RBF models on testing data

4.2

Genetic Algorithm Performance on the Benchmark Fitness

The Schwefel’s benchmark fitness enabled us to test the model as a surrogate
model for genetic optimization. The parameters of the function, especially the
number of variables, was the same as in the case of the regression test.
Crucial criterion of successful optimization of empirical functions is the number of original fitness evaluations needed for reaching sufficient near-optimal solution. Therefore, the number of original fitness evaluations was measured in
each of 100 runs in the moment when the following thresholds were reached:
1.2-, 1.1-, 1.05-, 1.02- and 1.01- multiple of the global minimum (corresponding to reaching value 20, 10, 5, 2 and 1 per cent above optimal solution). The
numbers of needed evaluations for these limits are shown in Fig. 4.2. Since not
every single run converged to all of these values, the numbers of evaluations belonging to each threshold were divided by the ratio of runs successfully reaching
respective thresholds.
The average number of evaluations needed to get 1%-above-optimal solution
has been significantly decreased from 13224 by more than 35% to 8310 with our
RESID model (p = 0.011, one-sided Mann–Whitney U test), and by nearly 25%
(to 10014) with the DSCL model; this result is not significant, though. RBF
networks from the SUMO toolbox did not improve results of this optimization
task (the average number of original evaluations was 13249).

5

Conclusion

This paper presented a novel kind of surrogate model for mixed-variable continuous and discrete optimization. It utilizes a clustered model with RBF networks

Fitness
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No model
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RBF/RESID

.20 .10 .05 .02 .01
SUMO

Fig. 3. The numbers of original evaluations needed to reach 1.2-, 1.1-, 1.05-, 1.02- and
1.01-multiple of minimum, measured on 100 GA runs

(one network per cluster) and a generalized linear model. The model focuses
training of the RBF networks using clustering on the discrete part of the data.
Generalized linear model trained on the discrete input variables further improves
regression capabilities. Results of testing on two different datasets showed that
the model is a competitive kind of regression for costly objective functions. Using this surrogate model for the optimization of modified Schwefel’s benchmark
fitness function resulted in saving up to 35 per cent of the original evaluations.
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