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Equations governing the system

The state of the system can be described with the triple (p, u, )
which is governed by the following equations:

Balance of mass
O¢p + div(pu) =0
Balance of linear momentum
Ot(pu) + div(pu @ u) + Vp = divS + pf

Entropy Equation

Ot(ps) + div(psu) — div% =0



Navier-Stokes—Fourier System on Lipschitz Domains
|—Introdut:tion

Constitutive relations |I.

Stokes' law

S = u(Vu+ (Vu) ") + A\(divu)l



Navier-Stokes—Fourier System on Lipschitz Domains
|—Introdut:tion

Constitutive relations |I.

Stokes' law

S = u(Vu+ (Vu) ") + A\(divu)l
Fourier’s law

q=—xVY
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Entropy production inequality (2" law of thermodynamics)

02%8:Vu—q'vq9
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Entropy production inequality (2" law of thermodynamics)

1 q- Vv
o Z ES :Vu— 192
Pressure-Energy-Entropy
p=p(p,3), e=e(p,?), s=s(p,7J)
¥Ds = De + pD(%)
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Constitutive relations Il.

Entropy production inequality (2" law of thermodynamics)

1 q- Vv
o Z ES :Vu— 192
Pressure-Energy-Entropy
p=p(p,9), e=e(p,9), s=s(p,V)
¥Ds = De + pD(%)

p = pe(p) + Ips(p) + §0*
S(p’ﬁ) = %d%? - Pﬂ(p) + ¢y log, e(p,l‘}) = PE(p) + dﬁ_: +cv
where P(z)

o z

=J; %ds.
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Initial and boundary conditions

Boundary condition on u
Particles at the boundary are fixed: u =0 on 9Q

Boundary condition on q
System is thermally isolated: x(9)V4-n =0 on 00
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Initial and boundary conditions

Boundary condition on u
Particles at the boundary are fixed: u =0 on 9Q

Boundary condition on q
System is thermally isolated: x(9)V4-n =0 on 00

Initial conditions
p(O, ) = po, P(O, -)U(O, ) = Mg, 19(0? ) = 1o

u]
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i
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Existence results

Solutions for small data
Matsumura, Nishida, Hoff,. ..

For the initial data sufficiently close to the steady state one is able
to find a solution with help of the fixed-point argument.
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L Known Existence Results

Existence results

Solutions for small data

Matsumura, Nishida, Hoff,. ..

For the initial data sufficiently close to the steady state one is able
to find a solution with help of the fixed-point argument.

Variational (weak) solutions

Leray, P.-L. Lions, Feireisl, . ..

For arbitrarily large initial data one can construct solution to
the problem via approximation through some easier-to-solve
problems.
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Variational Solutions

Definition

We say that (u, p, 1) is a variational solution for the
Navier-Stokes-Fourier system on (0, T) x €, if

9:b(p) + div(b(p)u) =

(b(p) — b'(p)p)divu in D'((0, T) x RY), b € BCY[0, x0),
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Variational Solutions

Definition
We say that (u, p, 1) is a variational solution for the
Navier-Stokes-Fourier system on (0, T) x €, if

deb(p) + div(b(p)u) =
(b(p) — b'(p)p)divu in D'((0, T) x RY), b € BCY[0, x0),
de(pu) + div(pu @ u) + Vp =divS + pf in D'((0, T) x Q;RV),
O¢(ps) + div(psu) — div H(ﬁ;Vﬁ > % (S :Vu+ K(fl(})q;—zvm)

in D'((0, T) x Q),
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Variational Solutions

Definition
We say that (u, p,¥) is a variational solution for the
Navier-Stokes-Fourier system on (0, T) x Q, if

9eb(p) + div(b(p)u) =
(b(p) — b'(p)p)divu in D'((0, T) x RN), b € BCL[0, x0),
dr(pu) + div(pu @ u) + Vp =divS + pf in D'((0, T) x Q; RV),
K K 2
O¢(ps) + div(psu) — div (12%9 > % (S :Vu+ %YW)
in D'((0, T) x Q),

1
8t/ §p|u\2 + pe(p,¥)dx = / pf -udx in D'[0, T)
Q Q
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Existence of variational solutions

Review of known results

» P-L. Lions, 1998: Existence for
p=p(p),p(p) = ap”,v > 3,

N =3.
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Existence of variational solutions

Review of known results

» P-L. Lions, 1998: Existence for
p=p(p),p(p) >ap’,y>2, N=3.

» E. Feireisl, 2001; E. Feireisl, A. Novotny, H. Petzeltova, 2001:
Existence for p = p(p), p(p) > ap?,y > N, N>2.

» E. Feireisl, 2004: Existence for p = p(p, ) = pe(p) + Ipy(p),
pe(p) =~ p?, p large. py non-decreasing and
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Some of open questions

» Ideal gas case: p(p,d) = Rp?.
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Existence of variational solutions

Review of known results

» P-L. Lions, 1998: Existence for
p = p(p), p(p) > ap’,y > %7 N=3.

» E. Feireisl, 2001; E. Feireisl, A. Novotny, H. Petzeltova, 2001:
Existence for p = p(p), p(p) > ap?,~v > %, N> 2.

> E. Feireisl, 2004: Existence for p = p(p, ) = pe(p) + Ipy(p),
pe(p) = p?, p large. py non-decreasing and
po(p) <c(l+p"),v>%r=2% N>3.

Some of open questions

> Ideal gas case: p(p, ) = Rp¥.
» Existence in general domains (holds for p = p(p), p(p) > ap?).
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Concept for proving existence of solutions on Lipschitz
domains

» Mollify the problem by adding regularizing terms (artificial
viscosity in the continuity equation (¢Ap) and artificial
pressure (6p%) in the linear momentum equation).
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domains
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LVariationaI Solutions on Lipschitz Domains

Concept for proving existence of solutions on Lipschitz
domains

» Mollify the problem by adding regularizing terms (artificial
viscosity in the continuity equation (¢Ap) and artificial
pressure (6p%) in the linear momentum equation).

» Obtain solutions for regularized problem on a smooth domain
and pass with ¢ — 0.

» Pass with smooth domains to the Lipschitz one.
» Pass with 6 — 0.
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Convergence of domains |

Lemma (Approximating sequence 2,)

For any bounded Lipschitz domain Q C R3 there exists a sequence
of smooth domains Q,, having uniformly Lipschitz continuous
boundary with respect to n, such that Q C Q, and for any ball

B C R3\ Q there exists ng such that for any n > ng B C R3\ Q,,.
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Convergence of domains |

Lemma (Approximating sequence 2,)

For any bounded Lipschitz domain Q C R3 there exists a sequence
of smooth domains Q,, having uniformly Lipschitz continuous
boundary with respect to n, such that Q C Q, and for any ball

B C R3\ Q there exists ng such that for any n > ny B C R3\ Q,.

Lemma (Bogovskii operator)

Let Q C R3 be a bounded Lipschitz domain. Then there exists

a bounded linear operator B = (By, By, B3) : LP(Q2) — Wol’p(Q)3
solving problem divu = g — ﬁ Jogdx,u € W, P(Q), with

1< p <o

Furthermore, for a sequence 2, approximating ) as given in

the previous lemma, one can construct a uniformly bounded
sequence B, of Bogovskii's operators for €2,,.
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Continuity equation

Div—Curl lemma implies that h(p,)u, — h(p)u with
h € BC[0, 00), and consequently, p and u solve

the (renormalized) continuity equation in D'((0, T) x R3).
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Continuity equation

Div—Curl lemma implies that h(p,)u, — h(p)u with

h € BCY[0,00), and consequently, p and u solve

the (renormalized) continuity equation in D'((0, T) x R3).

Strong compactness of the temperature

Entropy inequality and Aubin—Lions lemma implies strong

convergence
9y — 9 in L((0, T) x Q).
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Convergence of domains |l

Continuity equation
Div—Curl lemma implies that h(p,)u, — h(p)u with
h € BC[0, 00), and consequently, p and u solve

the (renormalized) continuity equation in D'((0, T) x R3).

Strong compactness of the temperature

Entropy inequality and Aubin—Lions lemma implies strong
convergence
9, — 9 in L2((0, T) x Q).

Pressure estimates
Use test function ¢(t,x) = ¥ (t)B(p(t,-))(x), v» € D(0, T), for

the linear momentum equation to obtain

[pnllLa+1((0,T)x0) < €(6)
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Convergence of domains IlI

Effective viscous pressure

Use test function o(t, x) = 1 (t)n(x)(VA~Y[p(t, )](x),
¥ € D(0, T) and n € D(RQ), for the linear momentum equation to
obtain weak continuity of the effective viscous pressure

d _
Per = pe(p) + 0po(p) + 30" +0p” = 8- (VATIV)[r]

This implies strong convergence of densities p, — p in
LY((0,T) x Q).
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Convergence of domains IlI

Effective viscous pressure

Use test function o(t, x) = 1 (t)n(x)(VA~Y[p(t, )](x),
1 € D(0, T) and n € D(RQ), for the linear momentum equation to
obtain weak continuity of the effective viscous pressure

d
Per = pe(p) + 0po(p) + 30" +0p” = 8- (VATIV)[r]

This implies strong convergence of densities p, — p in
LY((0, T) x Q).

Linear momentum equation

Strong convergence of p, and 1}, implies that the linear
momentum equation holds for (p, u, ¥).
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Convergence of domains IV

Energy equality

By strong convergence of p, and ¥,, (p,u, 1) satisfies the total
energy equality.
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Convergence of domains IV

Energy equality
By strong convergence of p, and ¥,, (p,u, 1) satisfies the total
energy equality.

Entropy inequality

Decompose Q2, = QU (2, \ ), and use weak lower semicontinuity
of the terms
K(9)| V|2

S, : Vu,, and 52
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Results on domain dependence

> Q, — Q, Q, C . Under the condition that Q is Lipschitz,
and for any K C Q2 compact there exists ny such that if
n > ng, then K C Q,, and moreover, cap,(2\ Q,) — 0, as
n — 00, solutions converge.
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Results on domain dependence

> Q, — Q, Q, C Q. Under the condition that Q is Lipschitz,
and for any K C Q compact there exists ng such that if
n > ng, then K C Q,, and moreover, cap,(2\ Q,) — 0, as
n — 00, solutions converge.

» Q, — Q, Q CQ,. Under the condition that €2 is Lipschitz,
and for any ball B C R3\ Q there exists ng such that if
n > ng, then B C R3\ Q,,, we obtain convergence of solutions.
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Existence on general domains in R3

Main goals

» Existence of solutions for exterior Lipschitz domains in R3.

» Existence of solutions for a general unbounded domain in R3.

Main difficulties

» Some estimates depend on the measure of the domain.
» Boundedness of the Bogovskii operator is intimately related to
the Lipschitz continuity of the boundary.

» Boundedness of the Bogovskii operator may fail in the case of
a non-compact boundary.
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Thank you for your attention.
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