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max min f(p, S)
o Adversarial optimization: »  §
(e.g. police/government trying to maximize

the number of caught smugglers)



Why random adversarial satisfiability?

@ General physicists strategy: Formulate a simpler model
having the same essential flavor as the original
problem and try to understand that simpler model first.

@ Random satisfiability: prototype of hard (NP-complete)
constraint satisfaction (or optimization) problem. Many
important real problems can be formulated in formally
similar terms. Rich ground for development and testing
of new methods!

@ AdSAT: prototype of [even harder)constraint satisfaction
(or optimization) problem. What methods can be used?
What new properties or understanding can be found?




Definition

Satisfiability Problem (SAT)
(331 \V4 o o) \/ 333) /\ (_Iili’g \ _ILEQ) /\ (_1331 \V ZEQ)

TP (x) = true

SAT i

Adversarial satisfiability

N; Vvariable "i” negated in clause "a” or not.

(n1121 V N2z V n13x3) A (No1x3 V Noaxa) A (n3121 V n3als)

AdSAT  dnVz ®(x,n) = false



How hard is AASAT?

Levels of the polynomial hierarchy of complexity classes:

@ 0: P - finding a solution and a counter-example is
polynomial

@ 1: NP - checking a solution is P (e.g. SAT);
coNP - checking a counter-example is P (e.g. UNSAT)

D7 e e II{ = coNP
@ 2: Y, - checking a solution is coNP (e.g. AASAT), etc.



One slide resume of random K-SAT
(Xl Vi Xg) AN (_IX3 Wt _lXQ) A\ (_lxl \V4 X2)

N variables, M random clauses with K variables each.

E = sum of
E({ziti=1..N) Z H Oz mia local terms
a=11€0a
6_5F(6) = Z e—ﬁE({I‘i}izl...N) S /GS(E)ﬁEdE

{mi}izl...N

@ Computing S(E) led to new methods (RSB cavity),
computation of the satisfiability threshold,
clustering of solutions, understanding the algorithmic
hardness and associated phase transitions, new
solving algorithms (survey propagation) etc.




S({n;q}) = log Z H

M
(1 - 11 5%%)
— 1€0a

What about random AdSAT?

(n1171 V n13xs) A (ne1x3 V ngaxs) A (n31T1 V ngaxs)

_{fEi}izl...N a=1

) = 3 PS({niad) = / JL(S)4BS 4 g

{nia}

L(S) how many configurations of negation-variables
give a certain number of satisfiable assignments

L(s)
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L(s)
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What about random AdSAT?

(n1171 V n13xs) A (ne1x3 V ngaxs) A (n31T1 V ngaxs)

S({nia}) = log Z H (1 e H 5337;,7%:@)

{zi}i=1..nv a=1 1€0a

—

) = 3 PS({niad) = / JL(S)4BS 4 g

{nia}
L(S) how many configurations of negation-variables
give a certain number of satisfiable assignments

BUT' S({niq}) is not a sum of local terms



BP saves the day!

Locality of belief propagation gives a local
expression for S({n.})

M
S({nz’aa nmag—i, mz’—m,}) o Z ASa({mi—ma nia}ié@a)
a=1

N
+ Y AS({masyniatacsi) = " Adailmi .q, ma_si)

1=l (1a)



BP saves the day!

Locality of belief propagation gives a local
expression for S({n.})

M
S({niaa nmag—i, mi—>a}) o Z ASa({mi—ma nia}iéﬁa)
a=1

N
= Z Asi({ma—véa nia}aé@i) T Z Asai (mi—>a7 ma—wl)
1=l (1a)
Complication: Additional variables {ma—i;Mi—a}
satisfying additional constraints (BP equations)




Resulting equations
P Sl A st a8 Z / H G (e, Ju)

il eBhbhe s\ o bedi\a

[Zi—>a({mb—>i7 nib}be@i\a)]ﬁé‘(miea P gi—>a({mb—>z’}b66i\aa {nib}béai))

Pa,—n'(ma,—n'a nia) = Z / H dmj—>an—>a(mj—>a,7 nja)

W5 cha\ i j€Oa\t

[Za—wi({mj—mn nja}jeaa\i)]ﬁé(maﬁi Tl ﬁa—mﬁ({mj—m,}jeaa\ia {nja}jéﬁa))

This form known from: IRSB equations (Mezard, Parisi'01),

large deviations for spin glasses (Rivoire’05, Rizzo, Parisi'10),
OP'I'imiZClﬂOn under Uncer'l'ain'l'y (Altarelli, Braunstein, Ramezanpour, Zecchina’l0).



Resulting equations
P Sl S5t e Z / H G (e, Ju)

il eBhbhe s\ o bedi\a

Zima ({mbmi, it Yo20ir )] O (Misa — Gia({Mbsitbeoira, 1Tib tbedi))

Pa—>i(ma—>i7 nia) = Z / H dmj—mpj—m(mj—m,a nja,)

W5 cha\ i JEOa\i

[Za—wlj({mj—ma nja}jE@a\i)]ﬁé‘(maﬁi Tl ,éa—ml({mjﬁa}jeaa\ia {nja}jéﬁa))

This form known from: IRSB equations (Mezard, Parisi'01),

large deviations for spin glasses (Rivoire’05, Rizzo, Parisi‘10),
OP'I'imiZClﬂOn under Uncer'l'ain'l'y (Altarelli, Braunstein, Ramezanpour, Zecchina’l0).

"Take home”: large deviations of BP-computable
quantities are BP-computable.
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K =3,L =4 (regular graphs = factorized solution)
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Results for random AdSAT
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balanced random uniform




Results for random AdSAT

K=3, different constraint densities

uniform



Balancing negation is “basically” optimal

L(s)

0 |

L(s) without
the unphysical

L(s), N =10% P =10%,
balanced negations

branCh . .. L)) N=P=500 .- e--
% e : (s.LB) @

random balanced L(s) only balanced



Satisfiability thresholds for 3-SAT

random negs.  balanced negs.
regular graph L=14 L=11
Erdos-Renyi 4.267 3.399

Our result for AASAT: threshold very
near to the balanced SAT threshold.
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Comparison with numerical
evaluation of large deviations
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Large deviations for balanced
negations on regular graphs

N
N
N
N
N
N

(

o
b

L=8, balanced
negations,
BP factorized = ¥

log Py (s) — logmax Py (s)|/N

Large deviations decay faster than exponentially. How
to compute that? Induces strong finite size corrections!



AdSAT threshold numerically
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Probability of satisfiability

Asymptotically unsatisfiable only for L=11.
Immensely strong finite size corrections!



Conclusions

@ Adversarial optimization BP-solvable as long
as the original optimization is BP-solvable.

® More on AdSAT:
M. Castellana, L. Zdeborova, arXiv: 1011.1273

@ AdSAT open questions:
» How to treat non-exponential large deviations?
» Origin of noise in population dynamics?

» Origin of the very strong finite size correlations?

QUESTIONS



BP over SP

-0.012 -0.008

L(Z),L=13 ——

-0.06 -0.04 -0.02




Large deviations for AASAT

entropy: elVs{nai}) # sat {s;}

auxiliary partition N®(x) _ rNs({na:})
function: : s {Z} ;

Legendre transform: ®(z) =TI'(s) + xs

['(s)large deviation function: entropy associated to
negation-configurations that gives entropy s.

Castellana, Zdeborova, in preparation



