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Take Home Message

Solving problems on random graphs = 

I . Gaining insight a bout the or igin of a lgor ithmic 
complexity  of NP-hard opt imizat ion problems. 

II . More r ealist ic mean Þeld models f or gl ass 
for mers and othe r disordered mater ials. 
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(Per iodic) Lat t ice models

I sing model, lat t ice gas, percolat ion, Pot ts 
model, xy model, Heisenberg model, models 
fr om BaxterÕs book, et c ....  

Disordered or fr ustr ated models on (per iodic) 
lat t ices are mostl y not sol vable, e.g. r andom 
Þeld I sing model, Edwards-Anderson model

LetÕs t ake a l at t ice on which even 
(many) disordered systems are solvable! 
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Fully connected lat t ice

Disadvantage: 
No not ion of dis tance and locality .

Cur ie-Weiss model  
(for I sing model)

m = tanh (! Jm)
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Bethe l at t ice
(Cayley tr ee)
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=!
h’!

h1 h2 h3

Fixed point:

βh = (c− 1)atanh(tanh βh tanh βJ)

! c(2d) = 0.346

! c(3d) = 0.203

! c(4d) = 0.144

! c(5d) = 0.112

! c(2d) = 0.440

! c(3d) = 0.221

! c(4d) = 0.149

! c(5d) = 0.114

<- Bethe & True -> 
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Bethe l at t ice

Trouble: 
When results de pend in a c omplex wa y on boundar ies,

the boundar ies need t o be speciÞed. Complicated! 
Moreover u nreasonable f or simulat ions ...
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Random graphs
4-r egularErdos- Renyi

p =
c

N − 1

Q(k) = δ(k − 4)lim
N→∞

Q(k) =
e−cck

k!
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Why Random Graphs?

Stil l solvable and we l ike solvable models.

Complex systems (web, int ernet, social 
contacts, f ood chains, gene r egulat ion) l ive on 
netw orks not p er iodic lat t ices

Interest ing physics (ideal glass tr ansit ions, no 
crystal, enhanced fr ustr at ion).
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Solvable How?

Shortest c ycle going tr ough a 
typi cal n ode has length l og(N).  

Bethe l at t ice   = Random graphLocally:
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Less trivial example

Graph Color ing

H =
∑

(ij)

δSi ,Sj
Si ! {1, . . . , q}

Color ing = 
ant if er romagnet ic 

Pot ts model at z ero 
t emperatu re
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Less trivial exampleLess trivial example

Graph Color ing

H =
∑

(ij)

δSi ,Sj
Si ! {1, . . . , q}

Color ing = 
ant if er romagnet ic 

Pot ts model at z ero 
t emperatu re
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Bethe-P eier ls = Belief P ropagat ion = 
Replica Symmetr ic = Liquid Solut ion

q∑

si=1

ψi→j
si

= 1

i

j

k
ψi! j

si         p robability tha t n ode i 
takes color     c ondit ioned on 
absence of l ink i j . 

si

! i! j
si

=
1

Zi! j

!

k" ∂i\ j

[1− (1− e# β)! k! i
si

]

Saturday, January 30, 2010



Point -t o-set c or relat ions

BP solut ion asympt ot ically 
exact o n random graphs if  

and only i f p oint -t o-set 
cor relat ion decay t o zero.

Divergence of p oint -t o-set c or relat ion length 
= divergence of equil ibrat ion t ime (Montanar i,Semerji anÕ06)

= dynamical gl ass tr ansit ion (Kirkpart ick, Thir umalaiÕ87)
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Point -t o-set c or relat ions

BP solut ion asympt ot ically 
exact o n random graphs if  

and only i f p oint -t o-set 
cor relat ion decay t o zero.

Divergence of p oint -t o-set c or relat ion length 
= divergence of equil ibrat ion t ime (Montanar i,Semerji anÕ06)

= dynamical gl ass tr ansit ion (Kirkpart ick, Thir umalaiÕ87)

?
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Glassy (1RSB) solut ion
(Par isiÕ80, Mezard,Par isiÕ01)

Point -t o-set c or relat ion Þnit e => decompose 
Boltzmann measure int o many Gibbs states. 

Str uctu ral entr opy, complexity = l ogar ithm of  
the n umber of do minat ing Gibbs states tha t 
can be induced in the b ulk of the tr ee. 

T

Σ(T )

TdTK
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Glassy cavity equa t ion

P i! j(ψi! j) =
1

Z i! j

∫ ∏

k" ! i\ j

dPk! i(ψk! i)(Z i! j)mδ[ψi! j ! F ({ ψk! i} )]

Closed equat ions for 
probability dis tr ibut ions - 

populat ion dynamics 
(Mezard,Par isiÕ01) t echnique for 

numer ical solut ion 

! i! j
si

=
1

Zi! j

!

k" ∂i\ j

[1− (1− e# β)! k! i
si

]
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The phase diagram
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Relat ion t o str uctu ral 
glass tr ansit ion
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Str uctu ral Glass tr ansit ion

(fr om Debenedet t i, St il lingerÕ01)
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AngellÕs plot
lo

g(
vi

sc
os

ity
)

inverse t emperatu re

! ≈ e
∆
T

η ≈ e
! (T )

T−TK
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Dynamical tr ansit ion (diverging equilibrat ion t ime 
and point -t o-set c or relat ion length, system tr apped 
at h igher fr ee energy, mode-coupling-l ike)                                
In Þn it e dimension smeared out, bar r ier a lways 
Þnit e (due t o nucleat ion), but g row w ith           .

Kauzmann transit ion (vanishing str uctu ral entr opy) 
In Þn it e dimension (KauzmannÕ48), bar r iers grow 
with           an d diverge at      ( Adam, GibbsÕ85 
relat ion, Bouchaud, BiroliÕ04)

1/Σ(T )

1/Σ(T ) TK
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Applicat ions

Algor ithmic hardness 

Lat t ice model of c olloidal gl ass
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Algor ithmic hardness
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Where the REALLY hard problems are? 
(Cheeseman, Kanef sky, Taylor, 1991)Random K-SAT

What makes problems hard to solve ?

Experiment : 
 random 3-SAT  
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Answer 2: Gl assiness makes problems hard
(Mezard, Par isi, ZecchinaÕ02) 
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Answer 2: Gl assiness makes problems hard

BUT!
(Mezard, Par isi, ZecchinaÕ02) 
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Answer 2: Gl assiness makes problems hard

BUT!
(Mezard, Par isi, ZecchinaÕ02) 

Many simple algor ithms work in the gl ass phase.
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Answer 2: Gl assiness makes problems hard

Zero energy states

Positive energy states

Zero energy states

Positive energy states

Canyon dominated Valley dominated vs.

BUT!
(Mezard, Par isi, ZecchinaÕ02) 

Many simple algor ithms work in the gl ass phase.
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Valleys

Canyons
4-color ing of 9-r egular r andom graphs

solvable by r einforced belief p ropagat ion
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Model f or c olloidal gl ass
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Model f or c olloidal gl ass
Hard spheres with a t tr act ive potent ial 
(Lennard-Jones, square wel l)

Colloids in polymer suspension - de plet ion 
induced at tr act ion

Valency l imit ed colloids, pat chy colloids - 
given number of a t tr act ive (st icky) sit es

CONTENTS 38

Figure 18. Top: Adapted with permission from [223]. Copyright 2005: American
Chemical Society. Experimental particles realized from bidisperse colloids in water
droplets. Courtesy of G.-R. Yi. Bottom: Reprinted with permission from [27].
Copyright 2006 by the American Physical Society. Primitive models of patchy particles
used in the theoretical study of Ref.[27].

possibilities offered by the realization of new colloidal molecules[5]. Numerical studies

are being used to design specific self-assembly [228, 229, 230, 231, 232, 233], as well

as to determine optimized circularly (spherically-)symmetric interactions in 2d (3d) for

producing targeted self-assembly with low-coordination numbers: by inverse methods,

square and honeycomb lattices[238, 239] have been assembled in 2d, and a cubic lattice

in 3d[240]. In this paragraph, we will only focus on the knowledge about phase diagram

and gelation of patchy colloids that is being recently established.

Models have started to appear in the literature, taking into account not only

a spherical attraction, but also angular constraints for bond formation[241]. Similar

ideas have been exploited in the study of protein phase diagrams[242, 243]. However,

these earlier works have not addressed the important question of how to systematically

affect the phase diagram of attractive colloids in order to prevent phase separation

and allow ideal gel formation. To this end, we recently revisited [28, 244] a family of

limited-valency models introduced by Speedy and Debenedetti[245, 246], where particles

interact via a simple square well potential, but only with a pre-defined maximum number

of attractive nearest neighbours, Nmax, while hard-core interactions are present for

additional neighbours. This model can be viewed as a toy model for particles with

randomly-located sticky spots, due to the absence of any angular constraint. Moreover,

the sticky spots are not fixed, but can roll onto the particle surface, also relatively to each

other. The disadvantage of such model is that the Hamiltonian contains a many-body

term, taking into account how many bonded neighbours are present for each particle

at any given time. Notwithstanding this, the model is the simplest generalization of

attractive spherical models, and its study can be built on the vast knowledge of phase

(Cho, Yi, et a ll, 2005)
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The lat t ice model

Each sit e has c neighbors 

Occupied sit e can have up 
t o l o ccupied neighbors 
(Biroli, MezardÕ01)

At tr act ion between n earest  
occupied neighbors

c = 4, l = 2

1
Z (µ, β)

e17µ+16β

Z (µ, β) =
∑

allowed { n}

eµ
P

i ni+β
P

(ij) ninj
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Mot ivated by pat chy colloids
CONTENTS 38

Figure 18. Top: Adapted with permission from [223]. Copyright 2005: American
Chemical Society. Experimental particles realized from bidisperse colloids in water
droplets. Courtesy of G.-R. Yi. Bottom: Reprinted with permission from [27].
Copyright 2006 by the American Physical Society. Primitive models of patchy particles
used in the theoretical study of Ref.[27].

possibilities offered by the realization of new colloidal molecules[5]. Numerical studies

are being used to design specific self-assembly [228, 229, 230, 231, 232, 233], as well

as to determine optimized circularly (spherically-)symmetric interactions in 2d (3d) for

producing targeted self-assembly with low-coordination numbers: by inverse methods,

square and honeycomb lattices[238, 239] have been assembled in 2d, and a cubic lattice

in 3d[240]. In this paragraph, we will only focus on the knowledge about phase diagram

and gelation of patchy colloids that is being recently established.

Models have started to appear in the literature, taking into account not only

a spherical attraction, but also angular constraints for bond formation[241]. Similar

ideas have been exploited in the study of protein phase diagrams[242, 243]. However,

these earlier works have not addressed the important question of how to systematically

affect the phase diagram of attractive colloids in order to prevent phase separation

and allow ideal gel formation. To this end, we recently revisited [28, 244] a family of

limited-valency models introduced by Speedy and Debenedetti[245, 246], where particles

interact via a simple square well potential, but only with a pre-defined maximum number

of attractive nearest neighbours, Nmax, while hard-core interactions are present for

additional neighbours. This model can be viewed as a toy model for particles with

randomly-located sticky spots, due to the absence of any angular constraint. Moreover,

the sticky spots are not fixed, but can roll onto the particle surface, also relatively to each

other. The disadvantage of such model is that the Hamiltonian contains a many-body

term, taking into account how many bonded neighbours are present for each particle

at any given time. Notwithstanding this, the model is the simplest generalization of

attractive spherical models, and its study can be built on the vast knowledge of phase

l = 2 l = 3 l = 4 l = 6

Parameter c , graph degree, e.g. 
t he kissing number, i.e. c=12 in 3d. 
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Exactl y Solvable on 
Random Graphs
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At tr act ive colloids, c=6, l=4
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Verduin, Dhont’95; Sastry PRL’00;
Foffi, McCullagh et al PRE’02; Dawson’02; 
Shell, Debenedetti PRE’04; Sciortino, 
Tartaglia, Zaccarelli J. Phys. Chem’05; 
Manley, Wyss et al, PRL’05; Ashwin, 
Menon, EPL’06; Lu, Zaccarelli et al, 
Nature’08; and many others

T
¥ Liquid-gas coexistence  

¥ Glass-gas coexistence 
at l ow T 
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Pat chy colloids, c=10, l=3
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Zaccarelli, Saika-Voivod et al, J.Phys‘06; 
Sastry, Nave, Sciortino, J.Stat.Mech’06; 
and many others

T
¥ Coexistence r egion 
shrinks, 

¥ Kauzmann transit ion 
on at l arge density , 

¥ Bellow dynamical 
tr ansit ion - i deal g el?
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Re-entr ance 
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Z(µ,β) =
∑

allowed { n}

eµ
P

i ni +β
P

(ij ) ni nj ! sp
P

i δ(l!
P

j ! ! i nj )

T
¥ Entr opic penalty w hen 
max # of n eighbors

¥ High T - pa r t icle r un out 
of space - r epulsive glass
¥ Low T - pa r t icle st ick 
t ogethe r - a t tr act ive glass
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Conclusions

Random graphs - sol vable (tr ee-l ike!)

I deal gl ass phase tr ansit ion 

Easy / Ha rd tr ansit ion in opt imizat ion

Models f or str uctu ral gl asses
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