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Take Home Message

Solving problems on random graphs =

|. Gaining Insight a bout the origin of a lgorithmic
complexity of NP-hard optimization problems

Il . More realistic mean Peld models f or gl ass
formers and other disordered mater ials.
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(Periodic) Lattice models

@ |sing model, lattice gas, percolation, Potts
model, xy model, Heisenberg model, models
fr om Baxter® book, etc ...

@ Disadered or fr ustr ated models on (periodic)
lattices are mostl y not sol vable, e.g. random
beld | sing model, Edwar ds-Anderson model

Let@ take a | attice on which even

(mary) disordered systems are solvable!
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Fully connected lattice

Cuie-Weiss madel
(for | sing model)

m = tanh (! Jm)

Disadvant age:
No not ion of distance and locality .
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Bethe | attice
(Cayley tr ee)




hi'[F 5 Fo%E s | :
24
e
ZB tanh ™' (tanh Bh; tanh 5.J)

Fixed point:
Bh = (c — 1l)atanh(tanh ghtanh 3.J)

| .(2d) = 0.34¢ I c(2d) = 0.44(
 (ad) 10208 | (3d) = 0.221
| (Ad) = 0.144 < AREPICIRSSLEE SR 0 14

| ¢(5d) = 0.112 | .(5d) = 0.114
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Bahe | attice

Trouble:
When results de pend in a c omplex way on boundaries,
the boundaries need t o be specibPed. Complicat ed!
Moreover u nreasonable for simulations ...
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Random graphs

Erdos- Renyi 4-r egular

C

N —1

=

L G Q(k) = d(k — 4)




Why Random Graphs?

@ Still solvable and we like solvable models.

@ Camplex systems (web, internet, social

contacts, f ood chains, gene regulat ion) live on
netw orks naot p eriodic lattices

@ Interesting physics (ideal glass tr anstions, no
crystal, enhanced fr ustr at ion).
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Solable How?

Locally: Bethe | attice Random graph

Shatest c ycle going tr ough a
typi cal node has length | og(N).
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Graph Coloring

H:Z&gi,sj Dy & Rt o
(47)

Cobring =
ant iferromagnetic
Potts model at z ero
temperature
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Graph Coloring

H:Z&gi,sj Dy & Rt o
(47)

Cobring =
ant iferromagnetic
Potts model at z ero
temperature
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Bethe-P elerls = Belief P ropagat ion =
Replica Symmetr ic = Liquid Solut ion

A
% 5 robability tha t n ode |
takes color Sijc onditioned on
absence of | Ink ij.
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Point-t o-set c orrelat ions

MMMV YIT

BP soltion asymg ot ically
exact o n random graphs if
and only if p oint-t o-set
correlation decay t o zero.

< .
........

Divergence of p oint-t o-set c orrelat ion length
= divergence of equil ibration t ime (Montanari,Semerji andO06
= dynamical gl ass transtion (Kirkpartick, Thirumaai©87)
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Point-t o-set c orrelat ions

() -~
1R/

BP soltion asymg ot ically
exact o n random graphs if
and only if p oint-t o-set
correlation decay t o zero.

Divergence of p oint-t o-set c orrelat ion length
= divergence of equil ibration t ime (Montanari,Semerji andO06
= dynamical gl ass transtion (Kirkpartick, Thirumaai©87)
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Glassy (1RSB solut ion

(ParisiO8pMezard,ParisiO01)

@ Point-t o-set c orrelation Pnite => decompose
Bolzmann measure into marny Gibbs states.

@ Structural entr opy, complexity = | ogarithm of
the n umber of do minat ing Gibbs states that
can be induced in the b ulk of the tr ee.

»(T)

>

TK Td 1F
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Glassy cavity equation

pi iyl )= T / 1l Cowr iz ™ 2yl ¥ L I )
Ll
B 1 | HeONa- kLl 4
£S5 o il g [1_(1_6 )!si ]
k" 01\ j

Closed equat ions for
probability dis tr ibut ions -
populat ion dynamics
(Mezard,Parisi®01f echnique for
numerical solution
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The phase diagram

dynamical
glass transition

Kauzmann
transition

Temperature

\
N
N
N
S
$
S
S
)
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7

13 14 15 16 17 18

Average degree

5-coloring of E-R random graphs
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Relat ion t o str uctu ral
glass transtion




Str uctu ral Glass tr anst ion

;E:
o
£
LL]
-
S

lass

b ;
i i
el | | I
Cry S : :

T:EE Tg b
Temperature

(fr om Debenedetti, StillingerO01)



Angell© plot

m,o-Xylene
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Toluene
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@ Dynamcal tr anstion (diverging equilibration t ime
and point-t o-set c orrelation length, system tr apped
at h igher fr ee energy, mode-coupling-l ike)

smeared out, barrier always
bnite (due to nucleation), but g row with 1/33(7")

@ Kauzmann transt ion (vanishing str uctu ral entr opy)
(KauzmanrO48), larriers grow
with 1/33(A) ddiverge at T Adam, GibsO85
relat ion, Bouchaud, BiroliO04)
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Applicat ions

@ Algorithmic hardness

@ Lattice model of c olloidal gl ass
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Algorithmic hardness




w N
° v
3 D3
$ = 3
6-@5
g +
- @
D Neo
§ 3
Cou.b
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Consraﬂ.- latiens,
14 c.«l_’ took you
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(Cheeseman Kanefsky, Taylor, 1991)

PsAT
PsAT

Psar
comp. time

comp. time
comp. time

probability of
colorability
time t o decide

average degree of the g raph



Answer 2. Gl assiness makes problems hard
(Mezard, Parisi, ZecchinaO02)
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Answer 2. Gl assiness makes problems hard
(Mezard, Parisi, ZecchinaO02)

BUT!
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Answer 2. Gl assiness makes problems hard
(Mezard, Parisi, ZecchinaO02)

BUT!

Many simple algorithms work in the gl ass phase.
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Answer 2: Gl assiness makes problems hard
(Mezard, Parisi, ZecchinaO02)

BUT!

Many simple algorithms work in the gl ass phase.

Caryon dominated vs  Valley dominated

Postive energystates- .
vl \ \ “ ~

’
e
7
4
ety
’
Y v
! /
d ’
7 RS
I / {4

*~ Positive energy states

,,::;'Zero gnergy tates\\ . Zero energy states_ _
‘ > 3 //’ \\\

Saturday, January 30, 2010



Valleys

solvable only by Gauss

Carnyons

solvable by r einforced belief p ropagat ion
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Model f or c olloidal gl ass




Model f or c olloidal gl ass

@ Hard spheres with attr active potential
(Lenna d-Jones, square well)

@ Coloids in polymer suspension - de pletion
iInduced attr act ion

@ Valency limited colloids, patchy colloids -
given number of a ttr active (sticky) sites

(Chq Vi, et all, 2005)



The lattice model
] | =2

o Each site has c neighbors SO @
@ Occupied site can have up ::%%%
to | occupied neighbors .4“3...4
(Biroli, MezardOO01) ﬁ%...ﬂ“
@ Attr action between nearest ‘Q_Q_dj..ﬁ

occupied neighbors

1 el?,u—l—lGB
Z (W, B)

Z(Y,B) = Z el TR () T

allowed { n}
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Mot Ivat ed by patchy colloids

Parameter ¢, graph degree, e.g.
t he kissing number, 1.e. c=12 in 3d.
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Exactl y Solvable on
Random Graphs




Attr act ive colloids, ¢c=6, |=4

¥ Liquid-gas coexistence

¥ Glass-gas coexistence
atlow T

Verduin, Dhont’95; Sastry PRL’00;

Foffi, McCullagh et al PRE’02; Dawson’02;
Shell, Debenedetti PRE’04; Sciortino,
Tartaglia, Zaccarelli J. Phys. Chem’05;
Manley, Wyss et al, PRL’05; Ashwin,
Menon, EPL’06; Lu, Zaccarelli et al,
Nature’08; and many others

02 03 04 05 06 0.7
Packing fraction !
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Pat chy colloids, c=1Q |=3

¥ Coexistence region
shrinks,

¥ Kauzmann transt ion
on at | arge densty,

transient percolatlon

¥ Bellow dynamical
transtion - | deal gel?

Bianchi, Largo et al PRL’06;

Zaccarelli, Buldyrev et al, PRL’035;
Zaccarelli, Saika-Voivod et al, J.Phys‘06;
Sastry, Nave, Sciortino, J.Stat. Mech’06;
and many others

0.2 0.3
Packing fraction !
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Re-entr ance
Z(w, B) = Z et i B gyt osp o i)

allowed { n}

¥ Entr opic penalty w hen
max # of n eighbors

¥High T - particle run out
of space - r epulsive glass
¥Low T - particle stick
together - a ttr active glass

Fabbian, Gotze er all PRE’99; Dawson,
Foffi et all, PRE’01; Sciortino, Nature
Materials’02; Frenkel, Science’02; Pham,
Puertas, et al Science’02; Eckert, Bartsch
PRL’02; Dawson’02; and many others

0.2 0.3 0.4
Packing fraction !
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Caonclusions

o
@ | deal gl ass phase tr anst ion
@ Easy / Ha rd tr anstion in optimization

@ Models for str uctural gl asses
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