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Constraint Satisfaction Problems
N=6 variables

M=4 constraints

Is there a way to choose the variables such that 
all constraints are simultaneously satisfied?
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Constraint Satisfaction Problems
N=6 variables

M=4 constraints

Many applications in computer 
science, technology, physics: 
scheduling, resource allocation, 
electronic chips verification, 
error correcting codes, ground 
states, ..... and many more ...   

Is there a way to choose the variables such that 
all constraints are simultaneously satisfied?
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Coloring Problem 

Map coloring (Guthrie 1852, Kempe 1879), 
in general NP-complete (Karp’72)

variables si ∈ {1, . . . , q} i = 1, . . . , N

∃!s : ∀(ij ) ∈ L δsi,sj = 0
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Coloring Problem 

Map coloring (Guthrie 1852, Kempe 1879), 
in general NP-complete (Karp’72)

variables si ∈ {1, . . . , q} i = 1, . . . , N

∃!s : ∀(ij ) ∈ L δsi,sj = 0

Ground state of the anti-ferromagnetic Potts model 

Potts model (Potts’52), 
Potts glass (Elderfield, Sherrington’83)

H = −
∑

(ij)∈L

Jijδsi,sj
Jij = ! 1

Jij = 1
Jij = ±1
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∃!s : ∀(ijk) ∈ L Jij k = si sj sk

Parity check problem
variables si ! {" 1,+1} i = 1, . . . , N

Jijk = ±1parity checks (ij k) ∈ L

Basis for one of the best error correcting codes: 
Low density parity check codes (Gallager’60).
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∃!s : ∀(ijk) ∈ L Jij k = si sj sk

Parity check problem
variables si ! {" 1,+1} i = 1, . . . , N

Jijk = ±1parity checks (ij k) ∈ L

Basis for one of the best error correcting codes: 
Low density parity check codes (Gallager’60).

(Gross, Mezard’84), basis for the random first order 
theory for glasses (Kirkpatrick, Thirumalai, Wolynes’89)

Ground state of p-spin glass model 

H = −
!

( ij k )∈L

Jij k si sj sk
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Satisfiability Problem

The first NP-complete problem; grounds for 
computational complexity theory (Cook’71)

Definition: Constraints are logical disjunctions 
(“or”) of Boolean variables or their negations

(x1 ∨ ¬x2 ∨ x3) ∧ (¬x3 ∨ ¬x4) ∧ (¬x1 ∨ x4) ∧ (x2 ∨ x3 ∨ ¬x4)
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Satisfiability Problem

Annual SAT 
conference

+ 
competition of 

solvers

The first NP-complete problem; grounds for 
computational complexity theory (Cook’71)

Definition: Constraints are logical disjunctions 
(“or”) of Boolean variables or their negations

(x1 ∨ ¬x2 ∨ x3) ∧ (¬x3 ∨ ¬x4) ∧ (¬x1 ∨ x4) ∧ (x2 ∨ x3 ∨ ¬x4)
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Computational hardness
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Computational hardness

Sunday, March 14, 2010



Computational hardness
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Computational hardness
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Typical case complexity
Ideal ensemble: Industrially relevant instances. 

“Starting point” ensemble: random K-satisfiability 

Sunday, March 14, 2010



Typical case complexity
Ideal ensemble: Industrially relevant instances. 

“Starting point” ensemble: random K-satisfiability 

‣N variables
‣randomly choose M K-uples of variables
‣negate with probability 1/2

α =
M

N

N = 6, M = 4, K = 3
N →∞
M →∞
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Where the REALLY hard problems are? 
(Cheeseman, Kanefsky, Taylor’91; Mitchell, Selman, Levesque’92)Random K-SAT

What makes problems hard to solve ?

Experiment : 

 random 3-SAT  
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Where the REALLY hard problems are? 
(Cheeseman, Kanefsky, Taylor’91; Mitchell, Selman, Levesque’92)Random K-SAT

What makes problems hard to solve ?

Experiment : 

 random 3-SAT  

0

0.2

0.4

0.6

0.8

1

0 2 4 6 8 10
0

500

1000

1500

2000

2500

3000

3500

4000

p
S

A
T

m
ed

ia
n

 c
o
m

p
. 
ti

m
e

!

pSAT   N = 100
pSAT   N =   71
pSAT   N =   50

comp. time   N = 100
comp. time   N =   71
comp. time   N =   50

density of constraints

ti
m
e 

to
 d

ec
id

e

α =
M

N
Sunday, March 14, 2010



Questions about random satisfiability

What is the value of the phase transition 
(threshold constraint density)?

Why are hardest instances around that 
threshold? 

Can the insight be used to design better 
algorithms?  
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Questions about random satisfiability

What is the value of the phase transition 
(threshold constraint density)?

Why are hardest instances around that 
threshold? 

Can the insight be used to design better 
algorithms?  

Statistical physics enters the stage. 
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Random satisfiability exactly solvable!
The Bethe-Peierls (1935) method exact on trees, and 
asymptotically exact in random satisfiability (locally tree-like, 
cycles on diverging length) unless solution depends on far 
boundaries. 

Dependence on boundaries taken into account in the cavity 
method with replica symmetry breaking (Parisi’80), on random 
lattices (Mézard, Parisi’99), the configurational space splits into 
exponentially many pure states (phases).

Several new derivations in last 10 years. 
Large part of results confirmed rigorously (Talagrand’01; Franz, 
Leone’01; Mézard, Mora, Zecchina’05; Achlioptas, Coja-Oghlan’08; 
Dembo, Montanari’09; Montanari, Restrepo, Tetali’09 etc). 

Bottom line: Cavity method solves exactly discrete variables 
models on random lattices.
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results !
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Phase diagram 
of random 4-satisfiability
Energy = # of unsatisfied constraints.

constraint density
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Phase diagram 
of random 4-satisfiability
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Dynamical transition (mode-coupling transition): 
Power-law divergence of equilibration time, 
ergodicity breaks, dynamics trapped in one of the 
exponentially many states. Free energy analytic 
function.

(In first order phase transition: Melting time has power 
law divergence at the spinodal temperature. System 
trapped in the ordered state.)   

constraint density

te
m
pe

ra
tu

re

! d αK

Td
TK

Energy landscape

Td
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Kauzmann transition: Discontinuity in specific heat. 
Vanishing structural entropy (logarithm of number 
of states) as in (Kauzmann’48). 

(In first order phase transition: Vanishing free energy 
difference.)  

constraint density
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Clustering of solutions

αd αK αs

K = 3 αd = αK = 3.86 αs = 4.267
K = 4 αd = 9.38 αK = 9.55 αs = 9.93

Geometric clustering of solutions proven rigorously for K>8: 
(Mézard, Mora, Zecchina’05, Achlioptas, Ricci-Tersenghi’06)

large K: αK = αs = 2K log 2αd = (2K log K )/K

     (Mézard, Parisi, Zecchina’02),            (Krzakala, 
Montanari, Ricci-Tersenghi, Semerjian, Zdeborova’07)
! s αd,αK
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What are the practical 
consequences of these studies? 
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Algorithmic developments

New message passing algorithms  

A trick to instantly equilibrate            
impossible-to-equilibrate systems. 
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Algorithmic developments

New message passing algorithms  

A trick to instantly equilibrate            
impossible-to-equilibrate systems. 
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Message Passing Algorithms
Paradigm breaking discovery: Using Bethe-Peierls like 
recursions on a given instance of the problem. 

In computer science Bethe-Peierls = Belief Propagation 
(Pearl’82): computes local magnetizations. Many new 
application for belief propagation using insights from 
statistical physics. 

Survey propagation (Mézard, Zecchina’02): computes 
probabilities that in a cluster a variable is fixed to have 
a certain value. 
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Survey Propagation

i

j
a

b Messages: in what 
fraction of clusters 
variable is forced to 
take a certain value?

ηa! i =
∏

j" ∂a\i

πj! a
nia

(1− πj! a
¬nia

)
πj! a

1 + πj! a
0 − πj! a

1 πj! a
0

πj! a
s =

∏

b" ∂j\a;njb=s

(1− ηb! j)
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SP performance

The best heuristics to find solutions in random 3-SAT 
(since the original work in 2002). 

Finds solutions on instance with millions of variables 
in few minutes up to 

To download: google “survey propagation zecchina”. 

(! s = 4.267)α ≈ 4.25
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Algorithmic developments

New message passing algorithms  

A trick to instantly equilibrate           
impossible-to-equilibrate systems. 

“quiet planting” (Krzakala, Zdeborová’09)
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Algorithmic developments

New message passing algorithms  

A trick to instantly equilibrate           
impossible-to-equilibrate systems. 

“quiet planting” (Krzakala, Zdeborová’09)
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T < Td equilibration exponentially slow

Reminder
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Quiet Planting 
in random coloring (anti-ferro Potts), 

p-spin model, and other annealed cases

Take a random graph of interactions and find 
an equilibrium configuration at temperature T

Take first a random configuration and add 
constraints randomly such that with 
probability p they are unsatisfied. 

T ≥ TK(as long as            )⇔

p =
e! β

e! β + q− 1
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Relaxation from equilibrium
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Relaxation from equilibrium
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Conclusions
Models on random lattices are exactly solvable via 
the cavity method (glassy phases, replica symmetry 
breaking ... ) - useful in other areas of physics. 

Glassiness responsible for average algorithmic 
hardness (of uniform sampling, more subtle for 
solution search (see Zdeborová, Krzakala’10)). 

Inspiration for development of new algorithms. 
Solver such as survey propagation, analysis tools 
such as planting = equilibrating for free.  

Lenka.Zdeborova@gmail.com
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Glassiness makes problems hard
(Mezard, Parisi, Zecchina’02) 
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Glassiness makes problems hard

BUT!
(Mezard, Parisi, Zecchina’02) 
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Glassiness makes problems hard

BUT!
(Mezard, Parisi, Zecchina’02) 

Many simple algorithms work in the glass phase.
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Glassiness makes problems hard

Zero energy states

Positive energy states

Zero energy states

Positive energy states

Canyon dominated Valley dominated vs.

BUT!
(Mezard, Parisi, Zecchina’02) 

Many simple algorithms work in the glass phase.
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Valleys

Canyons
4-coloring of 9-regular random graphs

solvable by reinforced belief propagation
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Glassy cavity equation
P i→j(ψi→j) =

1
Zi→j

! "

k∈! i\j

dP k→i(ψk→i)(Zi→j)mδ[ψi→j − F({ψk→i})]

Closed equations for 
probability distributions - 

population dynamics 
(Mezard,Parisi’01) technique for 

numerical solution 

ψi→j
si

=
1

Zi→j

∏

k∈∂i\j

[1− (1− e−β)ψk→i
si

]
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SP decimation
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