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Tracking Particles

@ Particles in flow (particle image velocimetry, PIV),
flocking birds, chemotaxis driven bacteria, ....

® General goal: Learn about the equations of motion
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Inference of parameters in particle tracking

Data input: X,V

positions in 2 images N particles
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Equations of motion known
(or to be tested)
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Inference of parameters in particle tracking

Data input: X; ,yj
positions in 2 images

N particles

Equations of motion known
(or to be tested)

Theory input:

P({ki}, ¥}

unknown ?
parameters o
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Inference of parameters in particle tracking

Data input: X; ,yj
positions in 2 images

N particles

If we know who
moved where: Easy

max P({7;}, {7} 0)

({Xi}, {y’ } |, O)P (6| )
P(Xit 1Y }Im)

0| < N

PO AT }om) = 2




Assumptions about the “theory input”

positions iIn permutation who

st snapsho’r / moved where

P({:c.} {7 7, 0) = Hp“"({x "M 16)

sitions in
posItio parameters \ assume

2nd snapshot to infer factorization!

Probability the particle moved from position with index i
to position with index j: P/ ({X;},y”|0)

Other assumption needed: P’ ({X;}, W\é’)does not depend
on the other positions in the 2nd snapshot ¥". k &= J.



Simple Examples

® Diffusion (diffusion constant ! )

1 5 <f@-;7yjj>2
(2" T)4/2" ¥ 2

® 2D Batchelor flow




Toy testing example

T, — 7“2—|—|Z

2d flow + diffusion

4 Ve = VNS
N N T
G = BUNIE,. — 5742

diffusion: T = 1.05

stretching: @ = 0.28
shear: (). 54

vorticity: ¢ = 0.24




Most probable assignment?

max max 77(

,0) = Exact polynomial

W(I algorithms known:
max maxH . W R g T A e O(N?).




Most probable assignment?

max max 73(

,0) = Exact polynomial

W(I algorithms known:
max maXH . W R g _’”(')\«9) but slow O(N?).

(5 o)

Good for small noise, small
density, fast camera, ....

Bad for large noise, large
density, slow camera, ....

- J

In our example
underestimates
diffusion by 70%







Bayesian inFerence

(goal max P! ) \
G P(0) :
79(9\{%@},{37?}) PUR ) 5 195
Lk - o PP ) constant,
- PR e)[ e ok

partition function Z(# ZHP”(’) {%} y™ (1) |9)

T a—1

{argmang(! ) = argmax,P (! { %}, {%"}) J

Learn parameters even when frajectories uncertain.




Computing the partition function

Z(0)=>» J]P™({x:}.y9)

T =1
@ Known as: partition function of matching, dimer
model, linear assignment, permanent of a matrix ...

D

11y . S
o O(N™") rigorous approximation by Monte Carlo +
numerical integration (Jerrum, Sinclair, Vigoda'04).



Belief propagation

useful tool to approximate partition functions

@ Physics: Bethe, Peierls'35 - ferromagnets;
Thouless, Anderson, Palmer'77 - disordered
systems; Mezard, Parisi’'85 - cavity method

replicas without replicas; Mezard, Parisi'Ol -
cavity for diluted systems

@ Information theory: Gallager'63 - LDPC
error correcting codes

@ Artificial intelligence: Pearl'82 - Bayesian
inference



Particle tracking
as a ‘spin” model

permutations 7T

!

spins o] € {0,1}




Belief Prop

message passing

Rt b = —anP,iehk_)i

agation
B .

hITE —anPkehj
k=1
~Fep({h™}, (h71,0) = 3 In (14 PIh )
1)
free energy _ Mmoo PIV T DR Piegh™"
7 ? ? J
O(N?) algorithm estimating the partition function
O(N) if only a finite number of neighbors contributes



Theoretical remarks

@ In general: Belief propagation exact if
underlying graphical structure is a free.

@ In the case of particles tracking (matching,
linear assignment):

| BP exact for the most probable assignment
on any Instance (Bayati, Shah, Sharma’'08)

| In large systems and large dimension BP
exact (slight generalization of Mezard, Parisi’'85, Aldous’01).



Belief propagation for inference of

parameters in particle tracking

BP inference

algorithm
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More statistical comparisons in the paper ...




Performance remarks

o BP is a fast
and efficient approximation for the partition
function, in 2D and 3D precision comparable to
Monte Carlo. (more statistical comparisons in the paper ... )

o regime: BP is the
fastest known (and distributed) algorithm to
find the maximum likelihood assignment.

@ Generalizations: multiple images, various priors
or uncertainties easily taken into account



Summary

| Belief propagation is a useful algorithm for
inference in general.

| BP works well and fast in particle tracking.

| Perspective: Implementation in turbulence
experiments for multi-scale flow.

| Search for other applications, suggestions?

Chertkov, Kroc, Krzakala, Vergassola,
Zdeborova, PNAS 104, 10318 (2010)

Thank you for your attention!

QUESTIONS



Comparison between
BP and MCMC

BP, 1sec

MCMC, 30sec
MCMC, 60sec
MCMC 2min30 ———
MCMC, 15min
MCMC, 24H ———




Actual versus best
assignment




