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I. MY GENERAL SCIENTIFIC INTEREST AND MOTIVATION

Statistical physics has been developed in order to study the collective behavior of many-particle systems. Tradi-
tionally, it aims at understanding physical materials composed out of a large number of molecules or other small
constituents of matter. Probability theory is combined with microscopic rules (interactions) to describe the collective
properties such as the heat capacity, the density or various phase transitions. Motivated by the demands of our
developing society, today’s science needs to understand many other systems composed of a large number of interact-
ing elements. To give few examples these elements may be: agents selling and buying items on the market, genes
regulating the cell functions or dys-functions, the network of power lines delivering energy to our homes, Boolean
variables in logical formulas designed to verify functions of electronic devices, planes landing and departing in a large
international airport, or the network of neurons in our brain that allows one to read and comprehend this very text.

The experience collected over decades by physicists in the studies of matter needs to be exploited in order to
understand, or predict, new relations between the microscopic (local) and macroscopic (global) properties of these
complex systems (I will use the word ”complex” for the lack of a more suitable term). Particularly handy in this task
are techniques developed in studies of disordered systems such as spin glasses, structural glasses, interfaces pinned by
impurities, polymer networks or grains of sand. This is because the above mentioned complex systems are very rarely
ordered, homogeneous or strongly symmetric, often they are not even embedded in an Euclidean space. This is the
general line of research that makes me passionate and that | develop.

II. BACKGROUND: FIRST THERE WAS A SPIN GLASS

In many of my works | used a modern generalization of the traditional Bethe-Peierls approximation known under
the name cavity method. This technique plays a key role in statistical physics studies of complex systems. Let me try
to sketch why this is so.

The Bethe-Peierls (BP) approximation is a standard approach appearing in statistical physics textbooks in the
chapter about the mean field theory next to the Curie-Weiss model. BP gives the same critical behavior as the other
mean field approximations but its estimates of the non-universal quantities such as the critical temperature are usually
closer to the true values. In a similar manner as the Curie-Weiss approximation is exact in a Ising model where every
spin interacts with every other (the graph of interactions is fully connected), the Bethe-Peierls approximation is exact
if the graph of interactions is a tree, i.e. contains no cycles, which is sometimes referred to as the Bethe lattice. The
first application of BP in disordered systems were the Thouless-Anderson-Palmer (TAP) equations (at least P.W.
Anderson claims so) for spin glasses, i.e. Ising model with pairwise random valued interactions. TAP is an approach
alternative to the replica trick that can be used to average the free energy of the system over the disorder. This way
of averaging was later named the cavity method [1].

Studies of spin glasses have led to at least two paradigm breaking discoveries. The first is the concept of replica
symmetry breaking (RSB) due to Parisi [2]. Replica symmetry breaking is a very peculiar kind of a phase transition as
the number of thermodynamic phases bellow the transition is not determined by some simple symmetry group (as e.g.
the group permutations in the Potts model). Instead the number of phases in the RSB phase grows exponentially with
the size of the system. This leads to a non-trivial breaking of ergodicity on the experimental (sub-exponential) time
scale. Hence, systems with an RSB phase are in fact never in equilibrium, yet the equilibrium can be computationally
described. Later Kirkpatrick and Thirumalai [3] realized that in an Ising model with a p-spin interaction the RSB
transition is remarkably similar to the glass transition in structural glasses. Their theory is the best mean field theory
of structural glasses so far. Combined with nucleation arguments, that are absent in the mean field models, many
authors use this approach in order to develop a consistent theory of the glass transition, the most famous being
the random first order transition theory [4, 5]. Whereas it is still a matter of vivid discussions whether the replica
symmetry breaking picture in any form appears in true physical materials, the RSB concept has been proven to exists
in other real systems such as combinatorial optimization problems or error correcting codes. And its existence has
deep consequences for computational complexity as | shall discuss later.



The second paradigm breaking discovery, that originated in studies of spin glasses, is less often stressed, but in my
opinion is very crucial, it concerns the application of the cavity method (or the Bethe-Peierls method) on a given
instance with a given realization of the disorder — hence forgetting about the troublesome disorder average. Whereas
the connection between spin glasses and optimization problems was known since a long time [6-8], the more recent
application of the Bethe-Peierls related methods on instances with a single realization of the disorder made a real
impact in the computer science world. The credit for this discovery is shared between Yedidia, Freeman and Weiss
[9] and Mézard, Parisi and Zecchina [10]. The first group of authors noticed that the Bethe-Peierls approximation is
equivalent to an algorithm known in information theory under the name Belief Propagation (BP again, conveniently
enough) [11]. The second group of authors applied the replica symmetry breaking equations on random instances of
the K-satisfiability problem, leading to the nowadays famous survey propagation algorithm.

The last two paragraphs set the stage of most of my work up to this date. In my PhD thesis | studied how does
the structure of the glassy energy landscape influence the typical algorithmic hardness in NP-complete optimization
problems. | will describe this work in section I11. Studying, using and developing further the methods for description
of the the glassy behavior of optimization problems also lead me to interesting results on physical glassy systems —
two of these works | will describe in section IV. In a final section V, | will discuss two applications of the message
passing approach that | co-developed during my postdoctoral stay in Los Alamos National Laboratory. Both concern
an area of science where message passing techniques combined with the concept of phase transition were not applied
previously and in both we received a very positive and encouraging feedback from the researchers in the field.

III. STATISTICAL PHYSICS OF HARD CONSTRAINT SATISFACTION PROBLEMS

Constraint satisfaction problems (CSPs) are one of the main building blocks of complex systems studied in computer
science, information theory and statistical physics. Their wide range of applicability arises from their very general
nature: given a set of NV discrete variables subject to M constraints, a CSP consists in deciding whether there exists
an assignment of variables which satisfies simultaneously all the constraints. In theoretical computer science CSPs
are at the core of computational complexity theory: the satisfiability of boolean formulas is the canonical example
of an intrinsically hard, NP-complete problem [12]. It is believed that the number of operations required to find a
satisfying configuration or prove that none such exists is in the most di Ccult cases exponential in the system size.
Nevertheless, even in an NP-complete problem large classes of instances can be easy to solve. A better understanding
of the origin of algorithmic hardness is critical for design of new more e [cieht solving algorithms. Hence, the main
questions | have addressed in my PhD thesis [13] were: How to recognize if an instance of an NP-complete problem
is hard? Where does the hardness come from and how to avoid it, beat it or use it?

The random CSPs (where one chooses uniformly at random which variables are restricted by which constraints)
have played a prominent role in understanding the origin of algorithmic hardness. In random K-satisfiability (where
constraints are logical disjunctions of K-uples of Boolean variables or their negations) there exists a sharp satisfiability
threshold. This is a phase transition point separating a 'SAT’ phase with low density of constraints where instances
are almost always satisfiable, from an "UNSAT’ phase where, with high probability, there is no solution to the problem.
In pioneering papers [14, 15] the authors observed that the hardest instances lie near to this threshold. A crucial
prediction of the cavity method, put forward in [10], concerns the structure of solutions in random CSPs in the
satisfiable region. While for graphs with low connectivity all solutions are “connected” —in the sense that it is easy
with a local dynamics to move from one solution to another— they regroup into a large number of dynamically
disconnected clusters for larger density of constraints. In some cases, this phenomenon, called clustering can be
rigorously demonstrated.

When | started my Ph.D, it was widely believed that this clustering phenomenon, associated to glassiness, makes
the problems di Ccullt to solve. However, the estimated location of this clustering transition did not correspond to
the numerically observed easy-hard transition. Several other loose ends existed in the theory, as | summarized in my
PhD thesis [13], a good understanding was hence missing and needed.

A. The space of solution in hard constraint satisfaction problems

The main result of my PhD thesis work is the detailed understanding of the space of solutions in random constraint
satisfaction problems, in particular in the random graph coloring (Fig. 1). In a series of papers [16-20] | described the
various phase transitions (and discovered some of them) that take place as the density of constraints is increased, as
well as their algorithmic consequences. The relations between the structure of solutions and the algorithmic hardness
is the main practical contribution of this work. In the following two paragraphs I describe a couple of results that |
consider among the most important. The current picture of the space of solutions in random CSPs is summarized in
Fig. 2.



In collaboration with F. Krzakala (ESPCI, Paris), A. Montanari
(Stanford University), G. Semerjian (ENS, Paris) and F. Ricci-Tersenghi
(La Sapienza, Rome), | showed that in the random K-satisfiability and
K-coloring (coloring a graph with K colors, see Fig. 1) there are in gen-
eral two very distinct clustered phases below the satisfiability threshold
[16, 17]. In the first, “dynamical” clustered phase an exponentially large
number of clusters is needed to cover almost all solutions. However, av-
erage properties (such as the total entropy) still behave as if the splitting
of the space of solutions did not occur. In particular, the simple (replica
symmetric) Bethe-Peierls approach gives asymptotically exact value of
the total entropy or of the marginal probabilities (local magnetizations).
However, the Monte-Carlo equilibration time diverges and hence beyond
this transition sampling solutions uniformly becomes a hard problem.
The second kind of clustered phase is the “condensed” clustered phase
where a finite number of clusters is su [cieht to cover almost all so-
lutions. The total entropy has a non-analyticity at the transition to
this phase, and the marginal probabilities are not given anymore by the FIG. 1: The 3-coloring problem: Given a
belief-propagation (or replica symmetric) approach. These two phase set of points and links between some of
transitions correspond to the dynamical glass transition and Kauzmann them, how to color the points such that
transition in the mean-field models for glasses, as | have illustrated in every link connects two points of two dif-

. - ferent colors? In statistical physics, this
the coloring problem at finite temperature [18]. translates in finding the ground state of the

I consequently identified and investigated another important phe- anti-ferromagnetic 3-state Potts model,
nomenon: the freezing of variables. A variable is frozen in a cluster whose Hamiltonian is % = Y, d(c+, ;)
when it takes the same value in all the solutions belonging to this clus- where ¢ = 1,2, 3. | have shown that vari-
ter. With F. Krzakala, we discovered that the fraction of such frozen ous phase transitions arise in the coloring
variables undergoes a first order phase transition when the size of clus- of large random graphs as the density of
ters is varied. We introduced the rigidity transition as the point where edges is increased [16-18].

almost all the thermodynamically relevant clusters become frozen [17].

In order to study the rigidity transition, with M. Mézard (my PhD supervisor) we then introduced a new class of
constraint satisfaction problems that we named locked CSPs [19, 20], where every cluster contains a single solution
and hence is frozen. In other words, in the locked CSPs the space of solutions consists of a set of well separated points.
This makes the statistical description of these problems more easily solvable and in some cases the satisfiability thresh-
old is determined rigorously using the second moment argument, which by itself is a remarkable result. The most
interesting property of the locked CSPs is, however, that in these problems —unlike in the canonical K-satisfiability
or K-coloring— the clustering threshold equals the rigidity threshold and coincides with the onset of the algorithmic
hardness. This indicates that the freezing of variables is a crucial ingredient to make problems di Ccullt and | have
therefore conjectured that the transition where all the clusters become frozen is the point where random constraint
satisfaction problems become truly di [cult, as attested by all numerical studies up to date.
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FIG. 2: A visualization of the structure of the space of solutions in random constraint satisfaction problems such as K-
satisfiability or K-coloring. Every colored pixel corresponds to a solution. As the density of constraints is increased (from
left to right) the space of solution breaks into exponentially many well separated clusters. The equilibration time diverges at
the clustering transition. At the condensation transition only a small number of clusters are relevant for the thermodynamic
properties. At the rigidity transition all relevant clusters become frozen — and solutions in the frozen clusters are hard to find.



During my doctoral studies | also worked on several related projects that I briefly list here: With M. Mézard,
I studied the problem of counting maximum matchings in a random graph [21]. Finding a maximum matching is
a well known polynomial problem, while their approximative counting is a much more di [Cculit task. We showed,
that the entropy of maximum matchings can be computed using the belief propagation algorithm, a result which
was later on proved rigorously [22]. In the Les Houches 2006 summer school | developed a student project with
T. Meltzer, E. Maneva, J. Raymond and A. Sportiello on the 1-in-K-SAT problem [23, 24] — the most commonly
used benchmark for quantum adiabatic algorithms. We identified the phase transitions in this problem, which is
crucial for understanding the algorithmic performance of the classical simulated annealing. With T. Mora (at that
time PhD student in LPTMS, Orsay, now Princeton University) we developed the random sub-cube model [25], a
generalization of the random energy model, which is simple, exactly solvable, and reproduces the clustering and
condensation transition known from random CSPs. The comparison with K-satisfiability and K-coloring problems is
moreover quantitative in the large K limit. With J. Ardelius (PhD student in Stockholm) we studied small formulas
of the 3-SAT problem using exhaustive enumeration algorithms [26]. Even on instances of size up to 200 spins we
observed quantitative agreement with some of the asymptotic predictions. For instance, the number of clusters is very
accurately described by the asymptotic result. We also estimated numerically the location of the rigidity transition.

B. More than few more results on optimization

During my post-doctoral stay in Los Alamos, next to the research activities that | will describe in the remaining
two sections, | continued examining the constraint satisfaction problems. Several striking results emerged:

Hiding a solution in a random CSP: Consider the following planting procedure: start with a configuration
of spins and then choose the constraints in such a way that all of them are satisfied by the configuration. Are such
planted problems computationally hard? What are the dilerknces between the planted and the random formulas?

I answered these questions in [27, 28]. The most interesting result (with an impact going beyond the above questions)
is that in some region of parameters there is no di [erknce between typical planted and random formulas, and moreover
in this case the planted solution has all the properties of a solution chosen uniformly at random. This property extends
into the clustered and rigid phase (and only ceases to hold at the condensation transition). In consequence we are
able to create benchmark random formulas that are impossible to solve in available time (if the hidden solution is
not uncovered). More importantly, planting provides us with a random formula and an equilibrium solution in a
region of parameters where Monte-Carlo equilibration time diverges: this provides a very simple trick to simulate
e Lcienhtly a priori ”impossible-to-simulate” models. The above statements holds for a rather large class of random
optimization problems, and in terms more common to physics of disordered systems the above statements translate
into the annealed average of observables being equal to the quenched average. For more interesting yet unexplored
consequences of this equivalence see the attached research proposal.

Analyzing long time dynamics: Besides the results of my PhD thesis, there was one more big remaining
question about random hard optimization problems: Can we say something analytically about the behavior of the
dynamics? In mean field glassy models, with the exception of the spherical p-spin model [29], the dynamics was indeed
analytically unaccessible. Its understanding, however, is absolutely crucial, both for physics and computer science
applications. Using ideas that appeared in the study of the planted formulas [27] with F. Krzakala we managed to
generalize the cavity method to describe the evolution of every valley (state/cluster) in the glassy energy landscape
of mean field models as the temperature is changed [30]. In mean field glassy systems the equilibration time of
local dynamics is exponentially large, hence a Monte-Carlo procedure such as simulated annealing is not able to
sample the ground states. A practically relevant question is instead: What is the limiting energy of a very slow (but
not exponentially) simulated annealing? Our method of adiabatic following of glassy states allows to compute this
limiting energy. From the computer science perspective this means that for a first time we were able to analyze how
well simulated annealing can possibly perform in problems such as random K-satisfiability or random graph coloring.

Graph partitioning: The problem of partitioning a graph into two groups of a given size appears often in
applications. Linear time heuristic algorithms are widely studied and used. The problem is tricky to treat within the
Bethe-Peierls approximation because of the existence of a global constraint that fixes the size of the two groups. Based
on ideas developed by [31], | worked out a way how to fix the groups sizes in a local way within the belief propagation
equations. With P. Sulc (PhD student, CNLS, Los Alamos) we showed [32] that such a BP is very e [cieht and |
anticipate it can be used as a part of modern partitioning solvers, as | mention in my research proposal.

The treatment of combinatorial problems with methods of statistical physics leads to unexpected purely mathemat-
ical conjectures, see e.g. [33]. | discovered one such recently [34], it concerns two famous NP-complete problems: the
maximum cut and minimal bisection of graphs. It follows from the cavity solution of the two problems that in random
regular graphs the maximum cut size asymptotically equals the number of edges in the graph minus the minimum
bisection size. Such a result is surprising from the graph theory point of view and mathematically challenging.



IV. PHYSICS OF GLASSY SYSTEMS

It is a challenge of today’s condensed matter theory to understand the nature and properties of glasses, i.e. materials
and systems where the relaxation to equilibrium takes longer and longer as the temperature is decreased. My research
also concentrates on understanding various glassy materials. | am trying to develop and study simple solvable
models that reproduce the non-trivial behavior of real materials and thus provide an insight of what are the relevant
microscopic characteristics. | will describe two of my works in this direction.

A. Lattice model for colloidal glass

There is a growing experimental and theoretical interest in the study of colloidal suspensions of mesoscopic particles
immersed in a polymeric solution. Their properties can be controlled precisely via chemical or physical manipulations,
and the inter-particle interaction tuned from a very short-range depletion-induced attraction to a long-range Coulombic
repulsion. This makes colloids important both in the terms of basic scientific research and industrial applications.
Colloidal suspensions also o [erl new scenarios of dynamically arrested structures.

With M. Tarzia (LPTMC, Jussieu) and F. Krzakala [35] | developed a simple lattice model, exactly solvable in
mean field, that is able to reproduce many properties of attractive colloidal systems, that are usually simulated at
high computational cost. We were motivated by recent studies of a family of experimentally realizable patchy colloids
[36, 37], i.e. attractive potentials that are not spherically symmetric, instead they can be view as a small number [
of attractive spots on the surface of the colloidal particle. We consider particles on a lattice where each site ¢ carries
n; = 0 or n; = 1 particles, with a simple short-range attractive interaction giving a unit energy gain to all pairs
of nearest-neighbors particles. Following the model of Biroli and Mézard [38], we restrict the occupation by a hard
constraint that imposes a particle cannot have more than [ occupied neighbors. The partition function thus reads

P P
Z('u’ﬁ) = Z et iy nit+p <ij> ninj7 (1)

allowed {n}

where the sum is restricted over all configurations {n} satisfying the hard constraints.

Under dilerent conditions, varying the values of [,c as well as 3, we observed, for instance, the liquid-glass
coexistence, the reentrant glass transition and the formation of a dynamically arrested phase at low density, usually
called an ideal gel (see Fig. 3). This leads to an unifying description of the structural arrest in di[erent amorphous
and disordered systems, ranging from hard-spheres to colloids and gels.
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FIG. 3: Three representative phase diagrams for the model of colloidal glasses, defined in eq. (1), in the temperature (T') —
packing fraction (p) plane on the Bethe lattice (random graph). The black continuous curves are the colloid-rich/colloid-poor
coexistence lines T11,. The dynamical T,;(p) (blue) and the Kauzmann Tk (p) (red) glass transition lines are also shown. The
black filled area is beyond the random close packing fraction prcp. Left panel: ¢ = 10, [ = 3. For low valency parameter |
the phase coexistence region shrinks into small densities. An ideal gel appears at low temperature (7" < 0.1) and low volume
fraction (0.1 < p < 0.4). Central panel: ¢ =6, I = 4. A phase coexistence between a colloid-poor and an attractive colloid-
rich glass phase occurs for low temperature (7" =~ 0.05) resulting in an arrested phase separation between gas and glass. Right
panel: ¢ =4, [ =2 and entropic penalty s, = 2 [35]. The glass transition lines T;(p) and Tk (p) exhibit a reentrant shape (see
inset), resulting in a repulsive glass — liquid — attractive glass transition along isochores at densities around p =~ 0.62.



B. No spin glass phase in random field Ising models

The random field Ising model (RFIM) is a benchmark
model for disordered systems with a wide range of appli-

. . .. . . h/J
cations, from vortices pining in super-conductors to binary t .0
liquids in porous media. The Hamiltonian of the problem
is

A T
H=— Z JZJSZSJ + Z hiS;, (2) X
<ij> i - 00 10 19 29
T/ Hygyld

where all J;; > 0, the N Ising spins S; = £1 are placed at
the vertices of a graph (e.g. a periodic lattice), and the h; FIG. 4: Figures taken from [39-41] where the authors
are quenched random fields. suggested the existence of a spin glass phase in the ran-

The model has attracted interest in theoretical physics dom field Ising model. I have shown that the spin glass

susceptibility is always smaller than the ferromagnetic
one, hence a thermodynamic spin glass phase cannot ex-
ist in the RFIM, in any dimensions, for any type of ge-
ometries and any realization of the random fields.

since more than thirty years. One of the points discussed
widely for the RFIM is the failure of dimensional reduction:
perturbation theory predicts that the critical behavior of
RFIM in d + 2 dimensions is identical to the critical be-
havior of the usual (i.e. non disordered) Ising model in d dimensions. Rigorous arguments, however, proved this
relation to be wrong for the 3-dimensional RFIM. In attempts to explain the failure of the dimensional reduction,
several authors argued that a spin glass phase precedes the ferromagnetic transition in the RFIM [39-41], but is this
the correct explanation?

Recently, in collaboration with F. Krzakala and F. Ricci-Tersenghi (La Sapienza, Rome) [42], | showed rigorously
that an equilibrium spin glass phase cannot exist in the random field Ising model, in any dimension, for any type of
geometries. This results allows to close a twenty years old debate: there is no equilibrium glass phase in the RFIM.

The proof is remarkably simple and relies of a special case of the well known Fortuin-Kasteleyn-Ginibre inequality
[43]: the connected two-spin correlation function is never negative in the RFIM, (S;S;). > 0 for all 4,j. Hence
the spin glass susceptibility xsc = Zij<SiSj>§/N is always bounded from above by the ferromagnetic susceptibility
Xf = Zij<SiSj>C/N. Consequently [42] the spin glass susceptibility cannot diverge out of the critical ferromagnetic
point, hence the RFIM does not exhibit a spin glass phase and this disproves conclusions of [39-41] and others.

Interestingly if a magnetization is fixed to a value smaller that the equilibrium one (where the equilibrium FKG
inequalities do not apply) then a spin glass phase does exist, at least on the Bethe lattice. This is an interesting
kind of a phase transition with many slow directions in the phase space, but a single fast one in the direction of the
changing magnetization.

V. NOVEL APPLICATIONS FOR STATISTICAL PHYSICS APPROACHES

As | highlighted in the introduction the Bethe-Peierls approximation and studies of associated phase transitions
have far reaching consequences when applied on a given realization of the disorder. This is rather well known in
computer science, yet the eyes of a physicist can see beyond the common applications. In this section | describe two
illustrations of this statement, both of them | co-developed during my post-doctoral stay in Los Alamos National
Laboratory.

A. Smart Grid

The basic structure of the electrical power grid has remained unchanged for a hundred years. It is a hierarchical,
centrally-controlled structure that assumes that power is generated solely from large central facilities, and that power
is abundant. Over the hundred years, however, the demand has increased sharply, the need to eliminate fossil fuels
had risen, and alternative sources of energy, such as wind or solar, are distributed and intermittent. Hence tools
of information technology are needed to improve e [ciehcy and stability of the power grid, and to facilitate the
use of distributed generation from renewables. A future grid, in which modern sensors, communication links, and
computational power are used in order to improve the performance has become known as the smart grid. During
my postdoctoral stay in Los Alamos we launched a project Optimization and Control Theory for Smart Grids [44].
The project puts together scientists from the theoretical physics (Misha Chertkov, my postdoc mentor, the principal
investigator) and power engineers. The goal of the project is the application of information theory inspired by
statistical physics to problems of the smart grid.



With M. Chertkov, and A. Decelle (LPTMS, Paris, who was in
Los Alamos for summer 2009) we developed a toy model for a smart
grid with redundant power lines [45]. We consider a power grid with
M generators and N consumption units. Each generator has a max-
imum production cap. A generator is overloaded if sum of loads of
consumers connected to the generator exceeds this cap. In the stan-
dard grid each consumer is connected only to its designated genera-
tor, while we consider a more general organization of the grid when
a consumer selects one (and only one) generator from a pre-defined
consumer-dependent and su Lciehtly small set of generators. Fig. 5
illustrates the definition of this model. \We show that the redundancy
allows significant expansion of the domain of parameters where the
probability for a generator overload is asymptotically zero. Our re-
sults also translate into an algorithmically e [cieht message-passing
control scheme achieving close to optimal selection of loaded links.

In the same setting, with M. Chertkov and S. Backhaus (Los
Alamos), we also discussed the integration of power from fluctuat-
ing renewable sources [46]. Distributed and intermittent renewable-
sources-based generators jeopardize stability (overload probability)
of the power network. We show that redundancy in the network can
be used to prevent overloads and hence allows a more e [cieht use of
the power generated from renewables sources. In our simplified elec-
trical model we add renewable generation to some of the consumers
and determine the minimum required firm generation to ensure that
all loads can be satisfied. The reduction in the required firm genera-
tion as a fraction of the added renewable generation power provides
a measure of its capacity. We determine the renewable generation
capacity for dilerknt levels of redundancy and dilerent amounts of
generation variability.

B. Particle tracking

In many experiments high-speed cameras are used to take
images of many moving objects to infer trajectories or param-
eters of the equations of motion. According to the context,
these objects are for example particles, bacteria, cars, or sol-
diers. A prominent application of particle tracking is in exper-
imental studies of turbulent flows. In most current approaches
one first reconstructs the trajectories of individual objects and
then one infers parameters of interest.

Together with M. Chertkov (my postdoc mentor in Los
Alamos), M. Vergasola (Institute Pasteur, Paris), L. Kroc
(postdoc in Los Alamos) and F. Krzakala [47] we suggested
and validated an approach to infer parameters of the equations
of motion without reconstructing the individual trajectories.
This is possible if a model of the motion of particles in known,
i.e. given the set of parameters the probability of a given dis-
placement can be computed. We show that in such a case the
problem can be rephrased as a maximization of a partition
function of a matching (linear assignment) problem. We use
the belief propagation algorithm to approximate this partition
function and its maximum. We illustrate the precision of the
method in the regime of relatively high particle densities (or
low image frequency) where reconstruction of the individual
trajectories is no more possible. The method is easily general-
izable to other systems, where the laws of motion are known
or are to be tested, but their parameters are unknown.
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FIG. 5: Illustration of the producer-consumer
graph in our grid-model with D 3 con-
sumers per producer. Top: R = 0,1,2,3
(from top to bottom) is the level of redun-
dancy of the power lines. Ancillary connec-
tions to generators/consumers are shown in
color. Bottom: Three valid configurations of
consumer choices (shown in dark) for a sample
graph with R = 1 from above.
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FIG. 6: An example of the particle tracking prob-
lem, with N = 400 particles moving from their orig-
inal positions (red circles) to new positions (blue di-
amonds). The particles are transported by a turbu-
lent 2-dimensional Batchelor flow with parameters de-
scribing the local stretching o™, shear b*, vorticity ¢*
and di usivity T* of the flow, o™ = 0.28, b* = 0.54,
c¢* = 0.24 and T* = 1.05 (in rescaled units). The
figure on the right shows the actual motion of each
particle.
proximity fails to pick the actual trajectories, and
the mapping of the particles between the two times
is intrinsically uncertain. Nevertheless, the inference
algorithm we developed rapidly obtains excellent pre-
dictions ¢ = 0.32, b = 0.55, ¢ = 0.19 and T' = 1.00.

Evidently, the simple criterion of particle
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