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Mean Þeld systems
Fully connected models

(Cur ie-Weiss, Sher r ington-Kir kpatr ick, et c....)
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Mean Þeld systems
Fully connected models

(Cur ie-Weiss, Sher r ington-Kir kpatr ick, et c....)

Dilut ed models
(random graphs, Bethe l at t ices)

Shortest c ycle going tr ough a 
typi cal n ode has length l og(N).  

Locally

=
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Mean Þeld systems
Fully connected models

(Cur ie-Weiss, Sher r ington-Kir kpatr ick, et c....)

Dilut ed models
(random graphs, Bethe l at t ices)

Shortest c ycle going tr ough a 
typi cal n ode has length l og(N).  

Locally

=

Ther modynamics:
Solvable using the 

replica and the 
cavity m etho d
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Some examples

Spin glasses: Sher r ington-Kir kpatr ick, Vianna-Bray 
(Bethe l at t ice spin glass), 

Opt imizat ion problems: Color ing (Pot ts 
ant if er romagnet ), K-sat isÞability , graph par t it ioning 
(I sing with Þx ed magnet izat ion), ver t ex cover, ....

Glasses, hard spheres, colloids, ...: p-spin model, 
Biroli-Me zard lat t ice glass, lat t ice model f or c olloidal 
glass, mean Þeld models f or ha rd spheres, quantu m 
systems on random lat t ices, ...
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Examples in th is t alk

H =
!

( ij )

! Si ,Sj Si ! {1, . . . , q}

Pot ts gl ass (graph color ing):

H = −
!

( ij )

Jij

p"

i =1

Si Si ! {" 1, +1}

p-spin glass (XOR-sat isÞability): 
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Several th ings we know about them

Glassy Mean Þeld systems

e(T)

T

T
! (T)
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Several th ings we know about them

Glassy Mean Þeld systems

e(T)

T

T
! (T)

Td

Dynamical gl ass tr ansit ion
- br oken ergodicity
- s tr uctu ral entr opy appears
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Several th ings we know about them

Glassy Mean Þeld systems

e(T)

T

T
! (T)

Td

Dynamical gl ass tr ansit ion
- br oken ergodicity
- s tr uctu ral entr opy appears

TK

Stat ic (i deal) glass tr ansit ion
- n on-analyt icity in fr ee energy
- s tr uctu ral entr opy vanishes
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Glassy Mean Þeld systems

Energy l andscape

e(T)

T

T
! (T)

TdTK

Several th ings we know about them
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Replica & Cavity Me tho ds

Computat ional metho d giving propert ies of the en ergy 
landscape:

Total energy, entr opy, t emperatu re

Propert ies of  states/ valleys/ TAP -  th eir  number, size ...  

Over laps between                                          
and with in states et c.  

Nstat es = eN !

(Mezard, Par isiÕ01)(Par isiÕ80)

! (e,s)
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with q=5:

Result f or E=0Phase diagram
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Glassy Mean Þeld systems
 Things we DO NOT know about them

! The inf or mat ion on the l andscape is only enumerat ive...
! ...We do not de scr ibe the sha pe of the v alleys...
! ...We cannot u se it t o get inf or mat ion on the d ynamics...
! ...And we do not sol ve explicitl y the d ynamics

conÞgurat ional space

en
er

gy

(except f or spher ical p-spin mo dels, Cugliandolo, KurchanÕ93 ...)
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Need f or a be t t er de scr ipt ion   
of the l andscape
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What is o ur metho d doing?
(Þrst in a c ar t oon)
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Choose an energy value.
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Choose an energy value.

Saturday, January 30, 2010



Then take a conÞgurat ion at r andom at  
th is energy, the c onÞgurat ion is 

blocked in one of the s tates.
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Then take a conÞgurat ion at r andom at  
th is energy, the c onÞgurat ion is 

blocked in one of the s tates.
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Compute the p ropert ies of the s tate 
for di f f erent en ergies
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Compute the p ropert ies of the s tate 
for di f f erent en ergies
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And we know where the sl ow dynamics wil l 
end - a t the bo t t om of the s tate!
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And we know where the sl ow dynamics wil l 
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Following states in equat ions
ex.: the P ot ts ant i- f er romagnet o n random graphs

(1) Consider a l arge tr ee

(2) Choose a conÞgurat ion 
unifor mly at r andom fr om all tho se 
at en ergy   p er l ink. Cor responding 
t emperatu re: 

!
e! =

1 ! !
(q ! 1)!

! ! ! K
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!
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(a) Choose color of the r oot a t r andom
(b) It erat ively, choose color of a c hild 
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probability    , an d dif f erent w ith 
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!
1 ! !
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Following states in equat ions
ex.: the P ot ts ant i- f er romagnet o n random graphs

(1) Consider a l arge tr ee

(2) Choose a conÞgurat ion 
unifor mly at r andom fr om all tho se 
at en ergy   p er l ink. Cor responding 
t emperatu re: 

!
e! =

1 ! !
(q ! 1)!

(a) Choose color of the r oot a t r andom
(b) It erat ively, choose color of a c hild 
equal t o the c olor of the pa rent w ith 
probability    , an d dif f erent w ith 
probability  

!
1 ! !

(3) Result ing boundary condit ions deÞne the Gib bs state, compute 
what m easure the y in duce at a di f f erent t emperatu re. 
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Following states in equat ions

(3) Result ing boundary condit ions deÞne the Gib bs state, compute 
what m easure the y in duce at a di f f erent t emperatu re. 

Ps(! ) =
!

{ si }

e! !
P c ! 1

i =1 " s,s i

(q ! 1 + e! ! )c! 1

" #

i

dPsi (!
i )" [! ! F ({ ! i } , ÷#)]

Fs({ ! i } , " ) !
!

i [1 " (1 " e−! )! i
s]

"
r

!
i [1 " (1 " e−! )! i

r ]

! ! ! K
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Pa! i(! a! i) =
1

Z a! i

! "

j" ! a\ i

"

b" ! j\ a

dP b! j(! b! j)
#
Z a! i({ ! b! j} , " )

$m
#[! a! i ! F ({ ! b! j} , " )]

÷Pa! i( ÷! a! i) =
1

÷Z a! i

! "

j" ! a\ i

"

b" ! j\ a

d ÷P b! j( ÷! b! j)
#
Z a! i({ ! b! j} , " )

$m
#[ ÷! a! i ! F ({ ÷! b! j} , ÷" )]

Works in a ll systems where 1RSB can be 
ident iÞed (random graphs or fu lly connected) 

Solving the se equat ions: via populat ion dynamics, 
only as difÞcu lt a s ordinary 1RSB solut ion (in 

many models above    ma pping t o RS equat ions). 

General f or mulas

TK

Saturday, January 30, 2010



Ex.: Fully connected p-spin
(DerridaÕ81; Gross, MezardÕ84; Kirkpatrick, ThirumalaiÕ87)

H = −
!

a

Ja

"

i ! ! a

si ,
!Ja" = 0

!J 2
a " = J 2p!/ (2N p! 1)

m =
! !

"!
Dy tanh

"
!̃ J y

#
pqp" 1/ 2 + !̃ ! J 2pmp" 1/ 2

$

q =
! !

"!
Dy tanh2

"
!̃ J y

#
pqp" 1/ 2 + !̃ ! J 2pmp" 1/ 2

$

÷β = β ! m = q due t o the Nish imor i condit ion

Propert ies of s tate equilibr ium at   , 
at t emperatu re  ÷!

!
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Relat ion t o the F ranz-Par isi potent ial

Our metho d is l ooking dir ectl y at the m inimum. 
Easily tr actable in par t icular in the dil ut ed systems.

(Franz, Par isiÕ97)
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Outl ine
I. Glassy landscapes

II. A new metho d t o descr ibe the l andscape

III. Result I:  Following states and the l ong t ime 
dynamics 

IV. Result II:  Analyzing simulated annealing: 
Canyons versus Valleys. 

V. Result III:  Presence of t emperatu re chaos in 
the gl ass phase.
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Results f or the fu lly 
connected p-spin

E
ne

rg
y

T-0.82

-0.8

-0.78

-0.76

-0.74

-0.72

-0.7

-0.68

-0.66

 0  0.2  0.4  0.6  0.8  1

e(T) in 3-PSPIN

TK TdTG
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Limit ing energy of 
very slow annealing
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Compar ison with M onte Car lo dynamics
 (equilibrated at T=0.2)

N=200 000 spins

H({S}) =
∑

ij k

1 + Jij k Si Sj Sk

2

MC annealings starting
from equilibrium at T=0.2

en
er

gy

T

coordination z=3
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3-col: M onte Car lo annealing Þnds ground states in the gl assy region 
(Saad, Van Mour ik 02Õ)

But M onte-Car lo annealing 
works also in the gl assy phase !!

I s Þnding a g round state hard or ea sy?

Usual answer: Hard t o Þnd ground 
state in a gl assy landscape.
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Landscapes: 
canyons, 

and valleys...
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Zero energy states

Positive energy states

Zero energy states

Positive energy states

Canyon dominated Valley dominated vs.

A quest ion of b asins of at tr act ion

EASY HARDvs

Where is the bo t t om of a s tate typi cal at    ? Ed
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Valleys

Canyons
4-color ing of 9-r egular r andom graphs

3-XOR-SAT with L=3
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Td
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 0.01
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 0  0.1  0.2  0.3  0.4
e(T) in XORSAT (c=3,K=3)

Td

en
er

gy
en

er
gy

T

T
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Valleys

Canyons
4-color ing of 9-r egular r andom graphs
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Temperatu re chaos in spin glasses

Temperatu re chaos �a  the equil ibr ium state changes 
completely w hen the t emperatu re is sl ightl y changed

Present in r enor malizat ion group stu dies of spin gl asses     
(Bray-M oore 87Õ; Niße, Hilhorst 92Õ)
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Chaos, level cr ossing, 
in the gl ass phase
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What c an we do more? 
! Jamming points - in m ean Þeld models f or ha rd 

spheres f ollowing states in density (ins tead of 
t emperatu re) (Parisi, ZamponiÕ05)

! Generalizat ion t o f ollow states in magnet ic Þeld, 
tr ansverse Þeld, coordinat ion number, ....  

! Equilibrat ing in systems where it is imp ossible t o 
equilibrate - vi a quiet pl ant ing, if 

! I s it p ossible t o reder ive our metho d star t ing fr om 
dynamical equat ions (as in the sphe r ical p-spin )?  

E(log Z) = logE(Z)
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Conclusions
" Metho d f or following states: a c avity -l ike 

detailed descr ipt ion of the l andscape: 

" Gives access to long t ime dynamics...

" .... predicts a verage algor ithmic hardness ...

" ... and the p resence of t emperatu re chaos ...

" ... and more r esults t o come .... 
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" Gives access to long t ime dynamics...

" .... predicts a verage algor ithmic hardness ...
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" ... and more r esults t o come .... 

      Thank you for your attention!
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